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Tunable magnetoelastic phononic crystals 
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Abstract: The feasibility of contactless tunability of the band structure of two-dimensional pho-
nonic crystals is demonstrated by employing magnetostrictive materials and applying an external 
magnetic field. The influence of the amplitude and of the orientation with respect to the inclusion 
axis of the applied magnetic field are studied in details. Applications to tunable selective frequen-
cy filters are discussed. 

    Phononic crystals may have potential applications in numerous technological domains [1]. Neverthe-
less, one of the major stumbling block to the application of phononic crystals is the lack of practical fre-
quency tunability of their properties. Tunability could be achieved by changing the geometry of the inclu-
sions [2] or by varying the elastic characteristics of the constitutive materials through application of ex-
ternal stimuli [3]. For instance, some authors have proposed the use of electrorheological materials in 
conjunction with application of external electric field [4]. Other authors have considered the effect of 
temperature on the elastic moduli [5]. In all cases, significant effect on the band structure of the phononic 
crystal can only be achieved by applying stimuli with very large magnitude. Recent work [6] exploits the 
change of the structure of the phononic crystal due to an external stress to alter the band structure. How-
ever this approach requires physical contact with the phononic crystal. We propose a contactless way to 
tune the properties of phononic crystals using magnetoelastic components. The elastic properties of a 
magnetoelastic material are very sensitive to its magnetic state and on the applied external magnetic field. 
For instance, in giant magnetostrictive material, such as Terfenol-D, this dependence can lead to more 
than 50% variation of some of the elastic constants, even at ultrasonic frequencies [7].  Moreover, for 
some directions of the applied external magnetic field, a spin reorientation transition (SRT) appears lead-
ing to even more variations of the elastic constants. So, if one of the components of a phononic crystal is a 
magneto-elastic medium, then one can expect that the elastic contrast, and subsequently the phononic 
crystal properties could be controlled without any contact by a magnetic field. 
We studied in details the tuning of the properties of a bulk two-dimensional magnetoelastic phononic 
crystal when an external magnetic field is applied. We developped first a theoretical model allowing to 
derive for an arbitrary direction and amplitude of the applied magnetic field, an equivalent piezomagnetic 
material of a polarized ferromagnet, with field dependent elastic Cijkl, piezomagnetic qlij and magnetic 
permeability µij constants. For example, Figure 1 presents the variations of these constants as functions of 
the applied magnetic field in the case of an infinite Terfenol square rod and for a magnetic field parallel to 
the direction of the rod. One observes that some of these constants strongly depend on the magnetic field 
amplitude. Using the equivalent constants, we computed the band structures of two-dimensional arrays of 
Terfenol-D square rods embedded in an epoxy matrix with the help of the well-known Plane Wave Ex-
pansion (PWE) method [8]. The band structures of Figs. 2(b) and 2(c) illustrate the effect of the external 
magnetic field. In absence of an external stimulus, the phononic crystal possesses two absolute band gaps 
ranging from approximately 0.5 to 0.8 MHz and from 0.89 to 1 MHz. Application of a magnetic field pa-
rallel to the Terfenol-D rods with a magnitude of 13 kOe enlarges the first band gap from 0.5 to 0.92 MHz 
and closes the second band gap. This shows that this phononic crystal behaves like a tunable filter with 
switching functionality for frequencies around 1 MHz. 
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Figure 1: Evolution of the effective elastic 
moduli, piezomagnetic constants, and magnetic 
permeabilities of a Terfenol-D rod as a function 
of the static external magnetic field applied 
along the rod axis. The effective elastic and pie-
zomagnetic constants are expressed in Voigt 
notation. 

   
We will discuss the effect of the magnitude and of the orientation of the magnetic field on the band struc-
ture of the phononic crystal.  
   The introduction of a magnetoelastic constituent opens the possibility of easy controllability of the 
properties of a phononic crystal without any contact. Using this controllability, one may imagine to de-
sign devices with tunable functionalities such as frequency filters, superlens for acoustic imaging, etc... 
Some of these possible applications will be presented during this talk.  
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Figure 2: (a)  The square-lattice 2D phononic crystal consisting of 
magneto-elastic square rods of infinite length along the Z direction 
made of Terfenol-D and embedded in an epoxy matrix. Band struc-
ture of a square lattice of Terfenol-D square rods with a filling fac-
tor f =(d/a)2=0.55, embedded in an epoxy matrix for two applied 
static magnetic fields: (b) Hext =0 kOe and (c) Hext=13 kOe. The 
inset shows the irreducible Brillouin zone of the square array. 
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Band Gaps and Defect Modes in Phononic Strip 
Waveguides 
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Abstract: We study the elastic wave propagation in different geometries of strip waveguides 
obtained by extracting a row out of a phononic crystal slab made up of a square array of air 
holes in a silicon plate. We show that the existence of band gaps is strongly dependent on the 
cutting direction. We also study the existence of localized modes in cavities inserted inside the 
perfect strip waveguides. 

We investigate the existence of band gaps in three kinds of phononic strip waveguides obtained by 
extracting a row in a phononic crystal slab constituted by a periodic array of air holes in a silicon 
plate. Figure 1 displays the three structures when the slab is cut along [1,0] and [1,1] directions. The 
band structures are calculated mostly by the finite element method using COMSOL Multiphysics. For 
each cutting direction, we discuss the existence and the behavior of band gaps as a function of the re-
duced geometrical parameters r/a and h/a where ‘r’ represents the radius of the holes, ‘h’ the thickness 
of the plate and ‘a’ the lattice parameter. Then, we have investigated the possibility of confined modes 
inside cavities inserted in the phononic strip waveguide. Figure 2 illustrates the example of a defect 
cavity obtained by reducing the radius of one hole from r/a=0.3 in the perfect structure to r/a=0.2. Us-
ing a super-cell to calculate the band structure of the waveguide with the defect, one can observe the 
existence of a flat branch in the band gap. The map of the displacement field at the frequency of the 
flat band shows a localization of the mode in the cavity around the defect hole. 

Currently, we are investigating the design of strip waveguides that allow dual phononic and photonic 
band gap, simultaneous confinement of both elastic and electromagnetic waves in cavities, and the 
possibility of single guided mode which presents a slow light and/or sound velocity. 

Acknowledgments: This work was supported in part by the European Commission Seventh Frame-
work Programs (FP7) under the FET-Open project TAILPHOX N° 233883 and IP project NANO-
PACK N° 216716. 

 

Figure 1 Figure 2 
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








 

  


 



              
 
            




  
 
    



 

   
  
  
 

     
 
       

   

   
   
            
            
 
   
 
 
      
           
 
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





 
    
    
  
 
        
 
     
   
      
        
  

  
     
    
   
      
         
   

    
       

    
   
        
       




         
  
       
 
             
 
   


              



      
   
  
     
  
  
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  
  
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

    
     
     
        
 
    


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Band-gap operating in the gigahertz frequencies for a  
bi-layer phononic crystal slab 

A.Talbi, A. Soltani, Y. El Hassouani, Y. Pennec*, B. Djafari-Rouhani and A. Akjouj  
Institut d'Electronique, de Microélectronique et de Nanotechnologie, CNRS UMR 8520, Université Lille Nord 

de France, Lille 1, 59655 Villeneuve d'Ascq, France 
* yan.pennec@univ-lille1.fr 

 
Abstract: We investigate a phononic slab composed by two different layers. The phononic crystal is 

obtained drilling the bi-layer phononic slab by air holes. We study the existence and the beha-
vior of absolute band gaps in such membrane both in theory and experiment. 

 
We investigate the possibility of designing phononic crystal-based devices for telecommunication 
applications using materials commonly employed in microfabrication. The phononic crystal is com-
posed by an aluminum nitride (AlN) slab of thickness 2800nm deposited on a thin metallic membrane 
of titanium Nitride (TiN) of thickness 250nm. This original native bi-layer membrane has been chosen 
to avoid the fragility of the whole structure. The purpose of this presentation is to show that such a 
structure presents absolute band gaps and to study its behavior as a function of the geometrical para-
meters. This theoretical study is completed by an experimental evidence of the band gap. 

As an example of the experimental work, the figure (a) shows a SEM micrograph of the manufactured 
square array phononic crystal structure. The lattice parameter is a=1µm and the radius of the holes is 
r=450nm, corresponding to the high filling factor =64%. The figure (b) corresponds to a measure-
ment of the transmission spectrum through the bi-layer phononic slab which contained ten periods of 
the square lattice. The propagation corresponds to the principal direction X of the Brillouin zone. As 
seen in the normalized transmission spectrum, we have obtained a band gap closed to 1 GHz. The 
measured results are in good agreement with the theoretical predictions (not shown here) which lead 
to an absolute band gap in the same frequency range. 

 
Figure: (a) Top view of one of the fabricated devices with the square lattice phononic structure. (b) Normalized average 

transmission measured through the phononic slab structure shown in Fig. (a) as a function of frequency. The figure presents 
one absolute band gaps in the GHz frequency range. 
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    Silicon Carbide Phononic Crystals for Communication, 
Sensing, and Energy Management 
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Abstract: We demonstrate design, fabrication, and characterization of silicon carbide phononic crys-
tals used to confine energy in lateral overtone cavities in 2-3GHz range with high f.Q products in air. 
The SiC cavities are fabricated in a CMOS-compatible process with applications in communication 
systems, sensing, and thermal energy management. 

Phononic crystals (PnC) have recently gained much attention due to their ability to precisely control and 
manipulate propagation of acoustic waves for applications in wireless communication, sensing, acoustic iso-
lation, imaging, and thermal energy management.  By strategically placing defects in the phononic crystal 
through removal or distortion of inclusions, cavities and waveguides have been demonstrated at RF frequen-
cies [1-3]. Microfabricated phononic crystal cavity resonators provide a lower power small-footprint, 
CMOS-compatible alternative to discrete components in communication systems. Silicon carbide (SiC) due 
to its mechanical strength, high acoustic velocity, and low intrinsic material damping is a desirable structural 
material with applications from high temperature microelectronics to micromechanical oscillators and harsh 
environment sensors [4]. This paper describes the design, optimization, fabrication, and characterization of 
SiC PnC-based devices. Figure 1 shows a schematic of a SiC Fabry-Perot cavity suspended above the sub-
strate with SiC/air PnCs as high reflectivity acoustic mirrors on each side of the cavity. Aluminum Nitride 
(AlN) transducers with interdigitated Al top electrodes are designed to excite and sense the acoustic reson-
ances in the cavity. This device combines the benefit of piezoelectric transduction, while storing the acoustic 
energy in a low loss material resulting in high f.Q and kt

2.Q products for oscillator and filter applications.  
 

Opening a phononic bandgap requires proper selection of inclusion and matrix materials that yield the de-
sired mismatch between the acoustic impedance and velocity. We will compare solid-air and solid-solid SiC 
phononic crystals using plane approximation method to understand the behaviour of the PnC bandgap.  A 
typical dispersion diagram of elastic waves in a SiC/air phononic crystal with normalized inclusion radii r/a 
ranging from 0.35 to 0.5 and normalized slab thicknesses t/a from 0.25 to 5 is shown in Fig.2 (a), exhibiting 
a complete bandgap about 2.7GHz.  Figure 2(b) shows simulated normalized transmission versus frequency 
and volume filling fraction, r/a, for a 7 period, cubic lattice of vacuum inclusions in SiC plate. As the filling 
fraction is increased, the bandgap width and depth increases while moving to lower frequencies.  
 

The SiC cavities were fabricated in a six mask CMOS-compatible surface micromachining process [3].  The 
highly-textured cubic SiC film is deposited in a low pressure chemical vapor deposition system and opti-
mized to have low stress and low surface roughness for high quality factor. Figure 3(a) shows a SEM of a 
10th overtone SiC cavity separated from the AlN transducers by 5 layers of cubic SiC/Air PnC acoustic mir-
rors. Figure 3(b) shows a close-up SEM of the PnC with a lattice constant of 1.8µm and a filling fraction of 
0.44. Figure 3(c) shows a close up view of one of the air holes etched in SiC with a nearly vertical sidewall 
(sidewall angle <5). The SiC cavity resonators with frequencies ranging from 2 to 3GHz were tested in air 
using direct two-port transmission measurements. Aluminum nitride piezoelectric transducers were used to 
excite and detect the overtone acoustic cavities with frequencies ranging from 2 to 3GHz. Figure 4(a) shows 
the normalized transmission response of a 10th overtone cavity (cavity length=19.8µm) with 5 PnC layers at 
2.24GHz with a quality factor of 2000. Figures 4(b) shows the normalized transmission response for a 50th 
overtone cavity (cavity length=99µm) with 3 PnC layers resulting in two resonant peaks with quality factors 
of 500 and 1000. The quality factors are improved to ~2200 and 3500 respectively by using 5 PnC layers 
(Fig.5(c)). These PnC–based cavities can be used to construct highly efficient acoustic signal processing 
elements such as filters and waveguides. These resonators are ideal for on-chip multi-frequency multi-
bandwidth filter banks, on-chip spectrum analyzers, low phase noise oscillators, and ultra sensitive chemical 
and biological sensors.  Furthermore, phononic crystals can be used in thermal energy management by shap-
ing thermal phonon distribution resulting in reduced thermal conductivities [5]. Silicon carbide phononic 
crystal thermoelectric devices have a wide range of applications such as harsh environment microelectronics, 
thermoelectric energy generation, and satellite communication systems.   
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Figure 2 (a) Acoustic band diagram of a 2D simple cubic SiC/air phononic crystal obtained from PWE simulations with 
r/a=0.45 and t/a=0.5. (b) Simulated FDTD normalized transmission vs. frequency for a 7 layer cubic lattice of vacuum inclusions 
embedded in an infinitely thick SiC plate vs. inclusion filling fraction, r/a. The lattice constant, a, is 1.8µm. 
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Figure 3 (a) SEM of a fabricated silicon carbide 10th overtone cavity 
with drive/sense AlN transducers and 5 layers of PnC (b) close-up 
SEM of the SiC/air PnC with a 1.83µm pitch and filling fraction of 
0.44 (c) SEM of one of the holes with vertical sides walls. 

Figure 1 Schematic of a SiC overtone phononic crystal 
cavity with 5 layer phononic crystals on each side of the 
cavity. The acoustic mirrors separate the cavity from the 
AlN piezoelectric transducers.   
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Figure 4 Normalized transmission response of  (a) 10th overtone cavity with 5 PnC layers and Q of ~2000 at 2.24GHz (b) 50th 
overtone cavity with 3 PnC layers and Q’s of 500 and 1000 at 2.53 and 2.55GHz respectively (c) 50 th overtone cavity with 5 PnC 
layers and Q’s of 2200 and 3500 at 2.295 and 2.305GHz respectively. 
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Designing High-Q Compact Phononic Crystal Resonators 
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Abstract:  Phononic crystals provide a promising method of producing resonators with very 
high quality factors up to the theoretical limit possible in the host material. In this study we 
consider Silicon based solid-solid phononic crystal resonator designs with different lattices 
(simple cubic, hexagonal/triangular and honeycomb), number of inclusions and cavity shapes.  

Compact microresonators are a versatile class of components used in both active such as oscillators 
and passive devices such as filters. One crucial requirement of any resonator device is a high quality 
factor, resulting in highly selective and tunable devices. Phononic crystals with cavity defects provide 
a method of producing compact resonators with quality factors reaching the maximum achievable fig-
ure for the constituent materials1. This talk will discuss our experiences in designing such resonators 
and optimizing the quality factor. 

Phononic crystals consist of commonly cylinder shaped inclusions periodically placed in a host ma-
terial (matrix). This study considered 2-D phononic crystals made of Tungsten inclusions in a Silicon 
matrix, placed in a number of lattice formations (simple cubic, hexagonal/triangular and honeycomb). 
The material pair was selected due to the large gap widths realizable using modest rod radius-to lattice 
periodicity ratios around 0.3. Low rod radius-to lattice periodicity ratios are more amenable to minia-
turization, thus allowing smaller periodicities and higher operating frequencies2 for phononic crystal 
resonators. 

Numerical simulations were performed using the Finite Difference Time Domain (FDTD) method3. 
The FDTD numerical grid was terminated by Mur absorbing boundary conditions4 in the designated 
primary propagation direction and periodic boundary conditions in the two transverse directions. This 
arrangement creates structures in infinite extent in the transverse while suppressing spurious reflec-
tions from the edges of the numerical grid. A wideband longitudinal displacement pulse was used to 
bootstrap all simulations. Postprocessing of the FDTD results for the frequency domain response was 
performed with Fourier Transform and Filter Diagonalization Method5. Resonator quality factors were 
calculated after obtaining the frequency domain response in each study case. 

The resonator cavity was created by displacing half of the inclusions in the propagation direction, ef-
fectively forming a cavity extending infinitely along the transverse direction. This arrangement allows 
one to study wave penetration into the phononic crystal to develop an approximation in the form of a 
solid block, thus simplifying calculations for resonators and comparison to other types of reflectors. 
Isolated, periodically repeating cavities were also considered. Cavity frequencies and phononic crystal 
gaps in this study were optimized for an operating frequency of 1.315 GHz. Cavities supporting from 
the first up to the seventh harmonic were studied, all operating at the aforementioned frequency, to 
understand how the Q factor changes for various harmonic overtones and to determine the wave pene-
tration into the phononic crystal. In this scheme, the fundamental frequency of the nth harmonic cavi-
ty is (1.315/n) GHz. If there was no wave penetration, the displacement for the nth harmonic cavity 
would be exactly n times the displacement needed for the first harmonic cavity. The presence of a 
constant wave penetration (Δ) into the tungsten inclusions requires accounting for both the wave pene-
tration itself and another correction to the effective cavity length (Leff) due to the wave velocity differ-
ence between silicon and tungsten materials. This second correction factor is directly proportional to 
the wave velocity ratio between silicon and tungsten (cSi/cW) and the wave penetration (Δ). Thus the 
effective cavity length for the nth harmonic cavity can be approximated as 

Leff=nL1+2Δ+(2n-2)(cSi/cW)Δ (1) 
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where L1 is the length for the first harmonic cavity, cSi is the longitudinal wave velocity in silicon and 
cW is the longitudinal wave velocity in tungsten. It is possible to solve for Δ by determining L1 and the 
cavity length for any other harmonic for a predetermined operating frequency. Once Δ is known, it 
becomes trivial to estimate the lengths of cavities supporting other harmonics. 

The results indicate that the quality factors increase linearly with the cavity harmonic number and ex-
ponentially with the number of inclusions forming the phononic crystal reflectors. Clearly, the quality 
factor for a real resonator is limited by the fundamental material limit. For the studied cases, the limit-
ing factor is the Akhieser effect6 (phonon-phonon damping) loss. Incorporating the Akhieser effect 
into the quality factor calculation indicates phononic crystal resonators with as few as five layers of 
inclusions should attain the maximum quality factor possible in silicon material.  
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A Waveguide-based Phononic Crystal Micro/Nano-
mechanical High-Q Resonator 
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Abstract: In this paper, we report the design, analysis, fabrication, and characterization of a 
very high frequency (VHF) phononic crystal (PnC) micro/nano-mechanical resonator architec-
ture based on silicon (Si) PnC slab waveguides. Qs as high as 13,500 in air at a frequency of 
~134 MHz with a motional resistance of ~600 Ω, and 35 dB spurious-free range of ~20 MHz 
are obtained. 

Recently, PnC slab (plate) structures1, with large CPnBGs have been designed and implemented in 
platforms compatible with micro/nano-mechanical (MM) systems CMOS technologies2,3. The air (or 
vacuum) on top and bottom of a PnC slab (or membrane) decouples the vibrations in the PnC slab 
from leaking into the substrate. The possibility of realizing fundamental micro-mechanical (MM) de-
vices, i.e., waveguides4,5 and high quality factor (or high-Q) resonators6, which are the bases of inte-
grated mechanical signal processing systems, have recently been demonstrated. Because of their 
unique properties, such PnC-based devices and systems may surpass their conventional silicon (Si) 
MM counterparts for a variety of applications including wireless communications and sensing. 

In this paper, we introduce a new type of suspended MM resonators based on PnC slab waveguides 
that can effectively suppress the support loss using the CPnBG of the PnC, while providing mechani-
cal support and a path to deliver electrical signal to interrogate the resonator. To eliminate the prob-
lem of spurious modes in the PnC slab resonators7 and to prevent spurious interferences from other 
modes in the PnC structures, we start with the design of a PnC waveguide with a small number of 
modes. The PnC waveguide is then terminated by the PnC structure on its input and output to confine 
forward and backward (and hence standing) waves within the waveguide region to form a resonator. 

The PnC structure studied in this paper is composed of a hexagonal (honeycomb) lattice of void cy-
lindrical holes in a free-standing Si slab2. To form a PnC waveguide with small number of modes, we 

reduce the radius of two lines of air holes in the PnC 
structure. A top-view schematic of such a PnC 
waveguide is shown in Fig. 1. The Extensional mode 
of the waveguide is utilized to allow for a more effi-
cient excitation using the transducers and to obtain a 
high quality confinement. The radius of the immediate 
holes surrounding the waveguide are carefully chosen 
to be r’= 0.2a. In order to form the waveguide-based 
PnC resonator, the input and output ports of a 
waveguide are blocked by the PnC structure as shown 
in Fig. 1. The length of the confined waveguide is ten 
periods in the x direction (L = 10 a 3 ). 

The coupling of the resonator to/from the outside world 
is achieved by using piezoelectric transducers fabri-
cated right on the PnC resonator. The number of PnC 
layers around the resonator in our design is 4 and 6 
periods on each side of the cavity in the y and x direc-

tions, respectively, which are enough to almost completely eliminate leakage of acoustic energy from 
the sides of the resonator based on our previous observations6.  

The waveguide-based resonator structure is fabricated with the scaling choice of a = d = 15 µm for 
the PnC structure. The fabrication process starts with a high-resistivity (to reduce electromagnetic 
coupling) silicon on insulator (SOI) wafer with a 15µm device layer, a 2µm buried oxide (BOX) layer 

Figure 1 Schematic of the layout of a waveguide-
based PnC slab resonator structure with interdigi-
tal transducers placed on top of the cavity to excite 
and detect the modes of the resonator. The length 
of the cavity is approximately 10 periods (L = 10 
a). 
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and a 400µm handle layer. A 100nm/1µm/100nm stack of Mo/AlN/Mo is sputtered on top of the de-
vice layer. The top Mo layer is patterned first using optical lithography and plasma etching to form 
the top electrode and contact pads. PnC holes are etched using a two-step plasma etching recipe to 

etch the transducer stack and the Si device layer. The access to the 
lower Mo electrode is obtained by selective wet etching of the AlN 
layer to the Mo layer. Finally, the structure is etched from the back us-
ing backside-alignment lithography and deep plasma etching of the 
handle and the BOX layers to release the structure and form the PnC 
slab resonator. A top view scanning electron microscope (SEM) image 
of the fabricated structure is shown in Fig. 2. The approximate geomet-
rical parameters of the fabricated PnC resonator are measured to be a = 
15 µm, 2r = 12.5 µm (r ~ 0.42a), and 2r’= 4.9 µm (r’~ 0.16a) using the 

SEM data. The structure is characterized by using a two-port vector 
network analyzer with 50Ω reference impedance to obtain the scatter-
ing parameters of the device in the PnBG frequency range. 

In order to accurately evaluate the resonance properties of the main 
excited mode, we fitted a modified Butterworth Van Dyke (BVD) model8 to the admittance profile of 
the desired mode. The fitted BVD model as well as the measured and fitted admittance and suscep-
tance curves are shown in Figure 1, where Cp and Rp are the parallel capacitance and resistance be-

tween the upper and lower electrodes of the port, 
and Rr, Lr, and Rm are associated with the electric-
al equivalent of the resonator at its resonance fre-
quency, where the Q can be extracted from. As 
can be seen in this figure, the Q of the resonance 
is 13,500, which is by far the highest Q reported 
for PnC resonators6,9 and significantly higher (>30 
%) than the results reported using the most recent 
techniques for resonators with a similar structure 
(AlN stack on 15 µm Si) measured in air10, con-
firming the suppression of the support loss. The 
frequency of resonance of the MM resonator is 
134.1418 MHz, which translates to the norma-
lized frequency of f × a = 2012 showing a good 
match with the theory. The resonance is more 
than 10 MHz apart from any resonance within 35 
dB of its power, which gives a large frequency 

range of operation.  This result confirms that obtaining high quality support-loss free MM resonators 
is possible through the use of the PnC structures.  
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Figure 2 An SEM image of the 
fabricated PnC resonator and a 
magnified version of a subset of 
this image (inset).  

Figure 1 (Color online) (a) The modified BVD model, (b) 
admittance, and (c) susceptance profile of the waveguide-
based PnC resonator excluding the parasitic resistor and 
capacitor of the device. The frequency of resonance (fr1), 
the quality factor (Qr1), the motional resistance (Rr), the 
resonance capacitance (Cr1) and inductance (Lr1) for the 
selected mode, and the values for the excluded parasitic 
capacitance and resistance (Cp , Rp) are given in this fig-
ure. 
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