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Figure 1. Wave dispersion characteristics for a 
zigzag (8,0) nanoribbon in minimised (continu-
ous) and non-minimised configuration. 

Figure 2 2nd modeshape for the propaga-
tion constant kx () in 1D wave propaga-
tion of a nanoribbon. 

Band-gap Acoustic States in 1D and 2D Single Layer Gra-
phene Sheet Systems 

Fabrizio Scarpa1 , Massimo Ruzzene2 
1 ACCIS, University of Bristol, BS8 1TR Bristol, UK, 

 f.scarpa@bris.ac.uk,  
2 D. Guggenheim School of Aerospace Engineering, 
Georgia Institute of Technology, Atlanta, GA 30332. 

 massimo.ruzzene@ae.gatech.edu 
 

Abstract: We evaluate the pass-stop band characteristics of mechanical wave propagating in 
periodic nanostructures made with nanoribbons or graphene sheets with non-reconstructed de-
fects.. 

In this work we study the acoustic wave propagation and band-gap characteristics in 1D and 2D single 
layer graphene sheets with periodic boundary conditions. The 1D graphene systems are represented 
by graphene nanoribbons with periodic clamped conditions (bridges). The calculation of the wave 
dispersion characteristics is performed using an atomistic-FE method where the equivalent properties 

of the C-C bonds [1,2], considered as structural beams, are 
computed through the minimisation of the Hamiltonian of 
the system for a specific set of wave propagation constants 
[3]. The graphene sheets are assembled using the classical 
FE techniques relative to truss structures, while the pass-
stop band characteristics calculated using methods devel-
oped by the Authors for periodic 1D and 2D beam assem-
blies. The periodic graphene nanoribbons show specific 
wave dispersion properties depending on the edges (zigzag 
or armchair) along which the acoustic waves are propagat-
ing. From a mechanical perspective, the edges of the finite 
graphene nanoribbons induce a global mechanical special 
orthotropy of the nanostructures, justifying the assumption 
that any beam-like wave dispersions could be represented 
using different Young’s moduli along the various direc-
tions. We explore also the possibility of nanophononics 
patterns [4] using periodic non-reconstructed vacancies 

(NRVs), or assemble graphene sheets with cross-
rectangular geometry. The periodic nanostructures provide 
phase constant surface characteristics, which can used to 
design novel generation of photonics devices with high 
GHz bands. 

 
 
 
 
 
 
 

 
 
 

 

Phononics 2011: First International Conference on Phononic Crystals, Metamaterials and Optomechanics
Santa Fe, New Mexico, USA, May 29-June 2, 2011

PHONONICS-2011-0022

1



197

Phononics 2011  Track 4: Phonon Transport
 

Phononics 2011: First International Conference on Phononic Crystals, Metamaterials and Optomechanics 

Sharm El-Sheikh, Egypt, May 29-June 2, 2010 

PHONONICS-2011-XXXXX 

 

2 

 

 

 
Figure 4. Unit element with double NRV for a 2D pe-

riodic array of graphene sheets 
Figure. 5. Periodic unit of assembled (10,0) and (4,0) 

graphene sheets. 
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Divide and Conquer Quantum Mechanical Methods for 
Phononic Applications 

Rudolph C. Magyar1  
1 Sandia National Laboratories, USA,  

rjmagya@sandia.gov 
 

Abstract: Density functional theory is a highly efficient computational framework that de-
scribes structural properties of materials such as phonon frequencies and densities of states. In 
this talk, we suggest how the divide and conquer scheme may be well suited to determine 
phononic response in materials with supermolecular scale features. 

 

Density functional theory is a highly efficient computational framework that describes structural 
properties of materials such as phonon frequencies and densities of states. Applications of DFT dem-
onstrate the theory’s reliability for calculating bond lengths and phonon frequencies. One of the great-
est challenges to applying DFT to general problems is the increasing computational cost required 
when treating larger systems. Ideally, the cost would increase linearly with the number of atoms in-
volved, but current workhorse implementations typically increase greater than quadratically. The di-
vide and conquer scheme that was first proposed many years ago has seen a recent resurgence in the 
study of energetic materials and provides route towards linear scaling calculations of atomic forces 
and phonon frequencies. In this talk, we suggest how the divide and conquer scheme may be well 
suited to determine phononic response in materials with supermolecular scale features. We illustrate 
this with some examples using a computational tool newly developed at Sandia. Sandia National La-
boratories is a multi-program laboratory operated by Sandia Corporation, a wholly owned subsidiary 
of the Lockheed Martin company, for the U.S. Department of Energy's National Nuclear Security 
Administration under contract DEAC04-94AL85000. 
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Predicting Phonon Properties Using 
the Spectral Energy Density  

Alan J. H. McGaughey1, Joseph E. Turney1, John A. Thomas1,  

Haibin Chen1, Ryan M. Iutzi1, Alexandre D. Massicotte1, Cristina H. Amon1,2 
1 Department of Mechanical Engineering, Carnegie Mellon University, Pittsburgh, PA, USA  

2 Department of Mechanical & Industrial Engineering, University of Toronto, Toronto ON, Canada  
mcgaughey@cmu.edu 

 
Abstract: The spectral energy density technique for predicting phonon dispersion relations 
and relaxation times is presented. This technique, which uses atomic velocities obtained from 
a molecular dynamics simulation, incorporates the full anharmonicity of the atomic interac-
tions. Results for a Lennard-Jones face centered cubic crystal are provided. 

 
The usefulness of analytical models of thermal transport has been hampered by the necessary approx-
imations and assumptions (e.g., a Debye solid, ignoring optical phonons), permitting only qualitative 
or semi-quantitative predictions.1 When used with the Green-Kubo or direct methods, molecular dy-
namics (MD) simulations can predict thermal conductivity.2-4 Because the analysis in these two me-
thods is performed at the system level, however, no information about the phonons is obtained. The 
phonon properties needed to calculate thermal conductivity (group velocities, relaxation times) can be 
predicted using MD simulation and normal mode analysis, but this method requires a priori know-
ledge of the phonon frequencies and polarization vectors and is time-intensive.2,5 Phonon frequencies 
and relaxation times can be obtained from harmonic and anharmonic lattice dynamics (LD) calcula-
tions, but these are theoretically and computationally complex and only valid at low temperatures.5-8 

 
The spectral energy density (SED) presents a straightforward alternative by which phonon frequencies 
and relaxation times can be obtained using only atomic velocities from an MD simulation as input.9-11 
Here, we present the SED and describe how it can be used to obtain phonon frequencies and relaxa-
tion times, which can then be used to predict thermal conductivity. We calculate the SED using results 
from MD simulations of a test system of Lennard-Jones argon and compare the predicted phonon 
properties to predictions made using (i) anharmonic LD calculations and (ii) normal mode analysis 
performed on the results of the MD simulations. 
 
The spectral energy density, Φ, is derived by projecting the velocities of the atoms in a crystal onto 
the normal modes of vibration. It is given by11 

 
,   (1) 

 
where vα(nx,y,z,b;t) is the α-direction velocity of atom b (with mass mb) in unit cell nx,y,z, r(nx,y,z,0) is the 
equilibrium position of unit cell nx,y,z, B is the number of atoms in the unit cell, NT is the total number 
of unit cells, t is time, τo is the length of the simulation, κ is wave vector, and ω is frequency. 
 
The frequency dependence of the SED for a face-centered cubic Lennard-Jones argon crystal at a tem-
perature of 20 K at selected wave vectors along the [100] direction is shown in Figs. 1(b), 1(c), and 
1(d). There is a clear correlation between the locations of the frequency peaks and frequencies 
calculated using harmonic lattice dynamics calculations, which are shown in the [100] dispersion 
curves plotted in Fig. 1(a). For each phonon mode, the range of frequencies accessed by the atoms is 
related to the anharmonicity of the interatomic potential and the corresponding rate of multi-phonon 
scattering processes. For fixed wave vector, the frequency spread is the Lorentzian function11 

                                                    ,                                                        (2) 
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where I is the peak height, ωc is the peak location (i.e., 
the phonon frequency), and τ is the relaxation time. 
Thus, by fitting Eq. (2) to each peak in the SED, it is 
possible to obtain the phonon frequencies and relaxa-
tion times. The frequencies plotted versus wave vector 
give the phonon dispersion curves. The phonon group 
velocity is the slope of the dispersion curve. 
 
A selection of the relaxation times extracted from the 
SED plots shown in Fig. 1 are provided in Table 1. 
The table also includes predictions made using the 
normal-mode decomposition MD method and anhar-
monic LD calculations. The normal-mode decomposi-
tion predictions are made using the same simulations 
as those used for the SED.  The agreement between 
the SED method and the normal-mode decomposition 
method is generally good, as in both methods, the sys-
tem energy is being mapped from direct space and 
time to reciprocal space and frequency.  The agree-
ment with the anharmonic LD predictions is not as 
good. This result may be due to the low temperature 
approximations inherent in LD techniques.  The nor-
mal-mode decomposition method will lose accuracy at 
higher temperatures because quasi-harmonic phonon 
frequencies and polarization vectors are used to per-
form the energy mapping.  The SED method, howev-
er, does not suffer from this limitation and should be 
applicable at higher temperatures as long as the weak-
ly-interacting phonon interpretation is valid. 
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|κ| 

              Frequency 
               (1/ps) 

Spectral Energy 
Density 

Normal Mode  
Decomposition 

Anharmonic  
Lattice Dynamics 

0 8.17 6.02 5.15 12.7 

0 12.0 1.10 1.36 1.45 

π/a 3.07 5.45 7.43 6.74 

π/a 11.4 1.19 1.29 1.57 

2π/a 5.81 3.32 4.28 6.68 

2π/a 10.0 2.47 2.58 4.19 

Table 1 Lennard Jones argon [100] relaxation times at 20 K in ps predicted by three different methods.  

 

Figure 1 (a) LJ argon [100] dispersion based on a 
four-atom conventional unit cell representation. 
(b), (c) and (d): Spectral energy density at select 
points in the [100] direction at a temperature of 20 
K. The modes indicated with open circles on the 
dispersion curves can be seen as peaks in the SED. 
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Heat dissipation in silicon and quartz nanoridges 
Pierre-Olivier Chapuis1,a,*, Mika Prunnila2, Andrey Shchepetov2,a, Lars Schneider1,  
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Abstract: We have investigated experimentally the effect of confinement of thermal acoustic 
phonons in 100 nm large ridges of silicon and quartz. We quantify the deviation to Fourier and 
ballistic predictions as a function of two characteristic numbers, the constriction Knudsen 
number describing the transmission of the phonons and a dimensionless number based on the 
nanoridges volume/surface ratio. 

 

We have investigated experimentally the effect of lateral confinement of thermal acoustic phonons in 
nanoridges of silicon and of quartz as a function of the temperature. Electrical methods are used to generate 
phonons in 100nm large nanostructures and to probe the nanostructure temperature in the same time, what al-
lows tracking the heat flux generated and its possible deviation to Fourier diffusive heat conduction. It is now 
well-established that Fourier’s law of heat diffusion in solids breaks down when device sizes reaches the nano-
meter-scale1. Detailed studies of the characteristic lengths where the law has to be replaced or modified are re-
quired as these lengths might depend on the considered device geometries. We have fabricated special devices 
made of nanostructured ridges on top of planar substrate as represented on Figure 1. The top of a ridge is a wire 
made either of metal or of doped silicon that acts as a heater and as a thermometer in the same time. The lower 
part that supports the wire is made of an etched part of the wafer substrate of silicon or quartz. This type of 
structure enables to generate phonons in the ridge and to measure the heat flux flowing to the substrate. 
 

 
Figure 1 Schematic of the nanostructures 

 

Different electrical methods such as the 3 method2 are used to heat the wire. The goal is then to measure a 
wire-voltage component (dc or ac) proportional to the wire temperature. A model enables then to link the wire 
temperature to the heat flux transmitted to the substrate. In addition to the localized heat source effect due to the 
sub-mean free path size of the source3, we have investigated experimentally the consequences of the fact that 
the source cannot be considered as a proper heat bath at equilibrium.  
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Figure 2 Electrical accesses and ridge before mask removal 

We have quantified the effect as a function of the two characteristic numbers that can be associated with the 
problem, namely the constriction Knudsen number describing the transmission of the phonons and the nano-
structure Knudsen number characterizing the nonequilibrium of the source. We compare our results with those 
of a recent theoretical paper4 based on the ballistic-diffusive equations. The determination of the mean free paths 
of phonons as a function of the frequency remains a key point due to the consequences for heat transport and 
thermal management1.  
We observe a strong decrease of the thermal conductance through the ridge in comparison to a prediction based 
on the Fourier diffusive as expected. But, more strikingly, we also observe a decrease in comparison to the bal-
listic prediction. We aim at ascribing part of this decrease to an effect of phonon confinement in the ridge. 
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Figure 1 SEM image of ZnO nanowire sam-
ple on micro-thermal measurement device. 
Scale bar: 10µm 

ZnO NW 
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Temperature and Size Dependence of Thermal Conductiv-
ity in Single Crystal ZnO Nanowires 

Cong-Tinh Bui1, Rongguo Xie2, Baowen Li1, 2, 3, John T. L. Thong1, 4

1 NUS Graduate School for Integrative Sciences and Engineering, National University of Singapore, Singapore 
117456, Republic of Singapore, tinhbc@nus.edu.sg

2 Department of Physics, National University of Singapore, Singapore 117542, Republic of Singapore, 
xierg2001@nus.edu.sg

3 Centre for Computational Science and Engineering (CCSE), National University of Singapore, Singapore 
117456, Republic of Singapore, phylibw@nus.edu.sg 

4 Department of Electrical and Computer Engineering, National University of Singapore, Singapore 117576, 
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Abstract: We report on measurements of thermal conductivity (κ) of single crystal zinc oxide 
(ZnO) nanowires. The thermal conductivity firstly increases and then decreases with tempera-
ture as T-α (α in the range of 1.42 – 1.49). Thermal conductivity is also found to be increased 
linearly with the cross-section area (~d2) of nanowires in studied diameter range. 

Introduction

Zinc oxide (ZnO) is a wide and direct band gap (3.5 eV at room temperature) oxide semiconductor. It 
has attracted a lot of research interest because of its optoelectronic and electronic properties1, 2. ZnO 
nanowires owning unique physical properties have been demonstrated to be promising for various 
applications such as piezoelectronic power generators, field effect transistors, piezoelectric sensors, 
etc. Since most applications are related to high-power electronic and optoelectronic device, it is neces-
sary to understand the thermal behaviour of ZnO nanowires. In this work, we have studied tempera-
ture and size dependence of thermal conductivity of single crystal ZnO nanowires in order to under-
stand phonon transport mechanism behind thermal behaviour in 1-dimensional lattice structures. 

Measurement method 

Single crystal ZnO nanowires used in this study were syn-
thesized via vapor transport process in a sealed horizontal 
tube. The micro-thermal measurement (MTM) devices was 
fabricated and measurement method was described simi-
larly with those of others previously3, 4. MTM devices con-
sist of two suspended SiNx membranes with Pt loops. One 
membrane serves as a heater to create temperature gradient 
and the other serves as a sensor to measure the temperature 
change. A nano-manipulator in SEM chamber was then 
used to pick up and place single ZnO nanowire onto the 
MTM device. The Pt/C composite pads were then depos-
ited on two ends of nanowires using focus electron beam to 
reduce thermal contact resistance as well as to stick 
nanowires to the membranes. Fig. 1 shows scanning elec-
tron microscope (SEM) image of the MTM device with single ZnO nanowire. In this study, we have 
prepared and measured thermal conductivity of five ZnO nanowire samples with diameter of 70; 84; 
120; 166; and 209 nm. For each sample, the measurement was performed in vacuum chamber with 
temperature varies from 77K to 400K which is controlled by cryostat. 

Results and Discussion 

Fig.2 shows the measured thermal conductivity (κ) as a function of temperature for ZnO nanowires. 
For all samples, when the temperature increases κ increases to maximum value (at turnover tempera-
ture between 120 and 150K) and then decreases. κ at room temperature for 70; 84; 120; 166; and 209 
nm diameter nanowires  is 7.04; 7.52; 9.06 11.78 and 14.41 W/m.K, respectively, which is one order 
of  magnitude lower than that of bulk ZnO. To understand thermal transport in ZnO nanowires, we 
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consider all phonon scattering processes 
which induce thermal resistance in single 
crystal nanowires. The phonon relaxation 
time corresponding to various scattering 
mechanisms is employed to describe thermal 
transport. The total inverse phonon relaxation 
time, which is followed Matheissen’s rule, 
equals to the sum of the inverse relaxation 
time corresponding to boundary scattering, 
phonon – phonon scattering (including nor-
mal three-phonon processes and Umklapp 
processes), and impurity/isotope scattering5

      τ-1 = τb
-1 + τp

-1 + τi
-1                    (1)

The behaviour of the observed thermal con-
ductivity with temperature can be explained 
qualitatively as follows: at low temperature 
phonon mean free path is larger. Phonon will 
be scattered with the boundary before collid-

ing with other phonons. The boundary scattering predominates and the thermal conductivity increases 
with temperature. When the temperature increases, it is easier to create higher frequency phonons 
which are scattered efficiently by impurities, hence the isotope scattering rapidly becomes dominant. 
Consequently, the thermal conductivity reaches a maximum and then declines. As the temperature 
further increases, normal three-phonon scattering and umklapp scattering become important and 
dominate over the isotope scattering. As the result, thermal conductivity of nanowires further de-
creases with increasing temperature. The temperature dependence of thermal conductivity of ZnO 
nanowires between 200 and 400K is plotted logarithmically in the inset of Fig.2. We observed that, 
after the maximum at low temperature, thermal conductivity decreases following the power law T-α. 
For all five ZnO nanowires, the measurement 
results give a factor α in the range of 1.42 to 
1.49 which is close to that of Callaway’s model 
for lattice thermal conductivity taking into ac-
count the boundary scattering6 (α = 1.5). 

The size dependence of thermal conductivity of 
ZnO nanowires were show in Fig. 3, in which κ 
is plotted as function of d2. In the measured di-
ameter range, thermal conductivity increases 
with increasing of cross-section area. This effect 
is obviously understood because of less phonon 
boundary scattering for larger nanowires and 
hence will reach to saturation when diameter of 
nanowire goes to certain value (bulk limit). In-
terestingly, κ increases almost linearly with 
cross-section area in studied diameter range, 
especially at room temperature (300K). 
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Figure 2 Temperature dependence of thermal conductivity 
of ZnO nanowires with different diameters. Inset: log-log 
scale in temperature range 200K – 400K. 

Figure 3 Diameter dependence of thermal conductivity of 
ZnO nanowires at 80K and 300K. Dash-dot lines are to 
guide eyes. 
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Coherent phonons in polycrystalline bismuth film moni-
tored by ultrafast electron diffraction 

A. Bugayev and H. E. Elsayed-Ali 

Applied Research Center, Old Dominion University, Norfolk, VA 23529,USA, 

 abugayev@odu.edu, helsayed@odu.edu 

Abstract: The generation of coherent phonons in polycrystalline bismuth film is observed by 
ultrafast time-resolved electron diffraction. The dynamics of the diffracted intensities from the 
(110), (202), and (024) lattice planes show pronounced oscillations at 130150 GHz. The ani-
sotropy in the energy transfer rate of coherent optical phonons is discussed. 

The interaction of femtosecond laser pulses with semimetals and semiconductors produces electronic 
excitations coupled with lattice vibrations through the deformation potential and stimulated Raman 
scattering . If the frequencies of Raman active phonons in the laser-excited material are smaller than 
the inverse duration of the laser pulse, then the laser-induced change in the equilibrium positions of 
the nuclei (displacive excitation) results in generation of coherent optical and acoustical phonons. 
Numerous studies were performed on the dynamics of coherent phonons in bismuth (Bi) by monitor-
ing of the optical reflectivity modulation with femtosecond pump-probe techniques, and by femtosec-
ond time-resolved X-ray diffraction of lattice dynamics [1-4].  

We report on the characteristics of coherent phonons as observed in modulation of temporal behavior 
of the electron-diffracted intensities from three (110), (202), and (024) lattice planes of polycrystalline 
free-standing 22±2 nm thick Bi film. An electron gun, described in our previous publication [5], was 
used to produce electron pulses of ~1.5 ps duration by photoemission from silver thin film photocath-
ode excited by frequency-tripled femtosecond (110 fs duration, 800 nm wavelength, at 1 kHz repeti-
tion rate) laser pulses. The Bi film was exposed to the fundamental 800 nm wavelength at a pulse en-
ergy density ~2 mJ/cm2 that corresponds to excited carrier’s density ~1021 cm-3. The intensity changes 
of the diffraction rings are given in terms of contrast value  
(  is the background intensity distribution), which takes into account both the changes in diffrac-
tion peak and background intensities after the laser exposure. Each time-resolved electron diffraction 
scan was acquired twice and the average value was used for analysis. To analyze the data, the Boltz-
mann (sigmoidal) fit was used such that  where τinfl is 
the inflection point of the dependence of V(τ) on the delay time τ, and τrate is the rate (slope) of the 
process at this point. The dynamics of the intensity change V(τ) were characterized by the coordinate 
of the inflection point τinfl and by the drop-off intensity time τhkl, which is determined as the full width 
at e-1 level of the maximum of the first derivative of the Boltzmann fit. The Fourier transform was 
used for frequency analysis. 

The temporal development of the contrast values V(r) of the diffraction orders as a function of delay 
time is shown in Figure. It is seen that all three diffraction orders Ihkl(τ) follow the same temporal be-
havior, namely, the intensity decrease, which is accompanied with high frequency oscillations in a 
frequency band centered at 130150 GHz (see insets in Figure). Since an optical phonon can emit two 
acoustic phonons, different combinations of two or more phonons can give rise to a generation of new 
phonon frequencies like A1g(Г)→2LA(Λ), A1g(Г)→LA(T) + LA(X), 2LA(X)  LA(Λ)→TA(X), and so 
on. Therefore, one can find that the combination A1g(Г) – Eg(Г) – 2LA(X) yields the phonon frequency 
134 GHz, which is in good agreement with our results. An interesting feature is the different drop 
time in the diffraction orders τhkl extracted from the Boltzmann fit, which are τ110 ~ 8.6 ps, τ202 ~ 18 ps, 
and τ024 ~ 7.8 ps. In general, two mechanisms could contribute to the energy transfer τe-ph from elec-
trons to the phonon subsystem resulting in lattice heating. The first one is direct-energy transfer from 
electrons to phonons through optical phonon decay. This can be evaluated from the following 

ratio (here D, TD, TL is the Debye frequency, the Debye temperature, and lat-
tice temperature, respectively, εF is the Fermi level). At our experimental conditions, the energy trans-
fer rate τe-ph is 520 ps. The second mechanism affecting τe-ph is the electron-hole pair recombination 
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accompanied by phonon emission. For Bi at 
room temperature this process can be as fast 
as a 23 ps [6].  
 
The energy transfer depends on the lattice 
plane {hkl} of Bi. The anisotropy manifests 
itself not only in different drop time τhkl but 
also in different time of the inflection points: 
the maximum slope of the intensity change 
is achieved at ~ 5 ps for (110), at ~ 9 ps for 
(202), and at ~ 4 ps for (024) lattice planes. 
Hence, the drop-off amplitude of the inten-
sity of the diffraction orders does not follow 
a single Debye-Waller factor written for the 
harmonic approximation as                                            

                                   
(here denotes the structure factor of a per-
fect crystal, θ is the Bragg scattering angle, λ 
is the electron wavelength, and B(T) is the 
Debye-Waller factor). According to this ex-
pression, the decrease in the intensity of the 
diffracted beam is expected to be more pro-
nounced for high-order diffraction, but this 
is not supported by our measurements shown 
in Figure 1. Two mechanisms can possibly 

affect the expected dynamics of the intensity decay. The first one is the anisotropy of B(T) for bismuth 
caused by the different means-square displacements of the atoms parallel  and perpendicular 

 to the hexagonal c axis [7]. For Bi,  at T = 293 K and  at T = 516 
K, therefore, the influence of anisotropy is very considerable. The second mechanism is the atomic 
motion of coherent optical phonons A1g that takes place along the elongated body diagonal, whereas 
the atomic motion of Eg phonons occurs in the plane perpendicular to this diagonal [8]. The combined 
action of these two mechanisms on the differently oriented planes (110), (202), and (024) can result in 
significant change of the energy transfer rate of coherent optical phonons as well as of the amplitude 
of the diffraction intensity response. 
 
This work was supported by Department of Energy and National Science Foundation. We acknowl-
edge the contribution of A. Esmail and M. Abdel-Fattah in construction of the diffraction system. 
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Figure 1 Normalized contrast V(r) of diffraction orders as a func-
tion of the delay time. Dashed line is Boltzmann fit. Solid line is 
to guide the eyes only. Insets show the the Fourier transform. 
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Thermal conductance behavior of self-assembled lamellar 
block copolymer thin films 

Matthew C. George, Patrick E. Hopkins, Mark A. Rodriguez 
Sandia National Laboratories, PO Box 5800 Albuquerque, NM 87185, USA  

mcgeorg@sandia.gov, pehopki@sandia.gov, marodri@sandia.gov 
 
 

Abstract: We measure the thermal conductance of both disordered and self-assembled lamel-
lar polystyrene-block-poly(methyl methacrylate) copolymer films and compare the results to 
literature reports on thin homopolymer films and polymer brushes. We see a 150% increase in 
thermal conductivity for a single self-assembled PS-b-PMMA layer. 

The control of nano-scale phonon/thermal transport properties is a growing technical challenge in the 
fields of thermoelectrics, integrated circuits, and high power density lasers.  Of particular importance 
in microelectronics packaging and integrated circuit thermal management are polymer and polymer 
composite films in the form of encapsulants and coupling compounds.  Chain alignment has been 
shown to affect thermal transport in drawn polymers, polymer brushes, and self-assembled monolay-
ers.  In this work we examine the thermal conductance behavior of thin self-assembled block copoly-
mer films.  In particular we examine both ordered and disordered copolymer films of polystyrene-
block-poly(methyl methacrylate) (PS-b-PMMA) and compare the results to literature reports on thin 
homopolymer films, polymer brushes, and bulk drawn homopolymers.  Figure 1 depicts the sample 
configuration in which n is the number of lamellar periods in the ordered films.  Previous reports typi-
cally show a modest increase in axial thermal conductivity (10-50%) for elongated PMMA polymer 
chains compared to random coil chain configurations.  We see up to a 150% increase in thermal con-
ductivity for a single self-assembled layer of PS-b-PMMA.  Increasing the film thickness in a step-
wise fashion to incorporate additional self-assembled layers of block copolymer decreased the thermal 
conductivity towards that of the amorphous state, which is close to reported values for the individual 
homopolymers (0.17 and 0.20 Wm−1K−1 for PS and PMMA respectively)1. 
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thermal oxide
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PS block
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thermal oxide
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The PS-b-PMMA films were spun-cast from toluene solutions to thickness values commensurate with 
the natural lamellar period of the block copolymer.  Film thickness was verified with ellipsometry.  
The spun-cast films are initially amorphous, but one set is annealed in a vacuum oven below the or-
der-disorder transition temperature to promote self-assembly into the lamellar phase, which is aligned 
to the film substrate due to preferential segregation of PMMA to the polar thermal oxide surface, and 
PS to the vacuum interface2-4.  The assembly of the annealed films into the stacked lamellar form as 
depicted in figure 1a and 1c was verified with X-ray reflectivity measurements.  Rocking curves were 

Figure 1 Schematic of ordered (a), (c) and disordered (b), (d) block copolymer thin films of PS-b-PMMA 
coated with aluminum via physical vapor deposition (PVD) on a thermal oxide silicon substrate.  The number of 
lamellar periods is denoted by n.  Exploded insets depict expected polymer chain conformation. 
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also collected to detect off-specular (diffuse) scattering in order to compare the in-plane film homoge-
neity.  We measured the thermal conductivity of the lamellar and amorphous copolymer films with 
TDTR5,6. TDTR is a non-contact, pump-probe technique in which a modulated train of short laser 
pulses (in our case ~ 100 fs) is used to create a heating event (pump) on the surface of a sample.  This 
pump-heating event is then monitored with a time-delayed probe pulse.  The change in the reflectivity 
of the probe pulses at the modulation frequency of the pump train is detected through a lock-in ampli-
fier; this change in reflectivity is related to the temperature change on the surface of the sample.  This 
temporal temperature data is related to the thermophysical properties of the sample of interest.  We 
monitor the thermoreflectance signal over 4.0 ns of probe delay time.  We deposit a 90 nm Al film on 
the samples as a transducer that relates the measured reflectivity to the temperature change on the sur-
face.  The deposited energy takes approximately 100 ps to propagate through the Al layer, and the 
remaining delay time is related to the heat flow across the copolymer films and the thermal diffusivity 
in the underlying substrate.  Our specific experimental setup is described in detail elsewhere7. The 
thermoreflectance signal we monitor is the ratio of the in-phase to the out-of-phase voltage recorded 
by the lock-in amplifier, which is related to the temperature change on the surface of the sample.  The 
thermal model and analysis used to predict the temperature change and subsequent lock-in ratio is de-
scribed in detail in the references7.  We assume bulk values for the thermophysical properties of the 
Al, SiO2, and Si,8 and we verify the Al film thickness via picosecond ultrasonics9,10.   

The measured thermal conductivity of our co-
polymer films is depicted in Fig. 2 along with 
the thermal conductivity of spun cast polymer 
films and brushes11.  The ordered films exhibit 
a higher thermal conductivity than the disor-
dered films, with the thermal conductivity de-
creasing as the number of block copolymer 
layers was increased.  For the single period, 
ordered PS-b-PMMA film, we believe prefer-
ential polymer chain alignment parallel to the 
film normal is the main factor accounting for 
the increased out of plane thermal conductiv-
ity.  This is likely due to the increased anisot-
ropy and effectiveness of intra-chain thermal 
transport, whereby vibrations are transmitted 
along the covalent bonds of the polymer back-
bone.  Increasing the number of periods n, or 
reducing the film order, results in more inter-
chain thermal transport, in which vibrations must be transferred through weaker van der Waals and 
dipole interactions12.  In addition to partial chain alignment, we suspect that boundary scattering and 
phonon-phonon scattering are also contributing factors to the observed behavior. 
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Figure 1 Thermal conductivity of our block copolymer (bcp) 
films compared to that of spun-cast PMMA films and polymer 
brushes11.  The ordered films exhibit a higher thermal conduc-
tivity than the disordered films, spun-cast films, and brushes. 
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Low-Temperature Thermal Conductance of Periodically 
Perforated Silicon Nitride Membranes 

N. Zen1, T. J. Isotalo1, I. J. Maasilta1 
1 Nanoscience Center, University of Jyväskylä, Finland  

nobuyuki.zen@jyu.fi, ilari.j.maasilta@jyu.fi 
 

Abstract: In order to enhance the thermally insulating propertiy of a silicon nitride (Si3N4) 
membrane, we have micromachined periodic holes through it with the intent of producing a 
complete phononic bandgap. The observation of the thermal transport in the phononic crystal 
is carried out by using a well-established Normal metal-Insulator-Superconductor (NIS) tunnel 
junction thermometer at sub-Kelvin temperatures. In addition, numerical calculations of the 
thermal conductance of the structure are in progress. 

Periodically Perforated Si3N4 Membrane as a Phononic Crystal 
Phononic crystals are promising devices1 for ultrasonic sensors, acoustic filters or waveguides, as well 
as high efficient thermoelectric transducers, and the next-generation ultra high sensitive superconduct-
ing radiation detectors, whose performance strongly depend on the phonon thermal conductance. Be-
cause the superconducting detectors convert the energy of the photons2 or proteins3 from the Time-Of-
Flight Mass Spectrometer (TOF MS) into phonons, it is important to mount the detector on the infra-
structure which can enclose phonons and prevent them from dissipating to surroundings too quickly. 
A silicon nitride (Si3N4) membrane is frequently used material for this purpose because of its low 
thermal conductivity and the ease of controlling its dimension and structure2. In order to enhance the 
sensitivity of the superconducting detectors, we have started developing periodically perforated Si3N4 
membranes which are expected to perform as phononic crystals. Using finite element method based 
calculations (COMSOL Multiphysics), we have successfully found the proper geometry which has a 
complete phononic bandgap extended from 17.7 GHz to 22.0 GHz, as shown in Figure 1 (a). For the 
3-D Debye model, the dominant thermal phonon frequency at a temperature T is expressed as  = 
2.8kBT/. In our case, however, the perforated-membrane structure has only in-plane periodicity, 
therefore we should compare the bandgap with the 2-D Debye model, whose dominant thermal fre-
quency is expressed as  = 1.5kBT/. At the temperature of 100 mK, it corresponds to  = 20 GHz, 
just in the middle of the complete bandgap of Figure 1. Hence, we can expect the suppression of the 
thermal conductance in our modeled geometry. Moreover, the simulation of the constant energy sur-
face in Figure 1 (b) shows that the perforated membrane exhibits a strong directionality in the thermal 
transport, which is isotropic in the case of the unperforated membrane in Figure 1 (c). This effect, 
known as phonon focusing in regular crystals4 will also contribute to the thermal properties of the 
membrane. 

 
Figure 1 (a) A dispersion relation of the perforated Si3N4 membrane, calculated by COMSOL Multiphysics with the 
Matlab environment. The complete bandgap extends from 17.7 GHz to 22.0 GHz. (b) Constant energy surface of the 
perforated Si3N4 membrane and (c) unperforated membrane at the frequency of 10 GHz in kx, ky space. 
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NIS Tunnel Junction Thermometry for Phonons 
In order to investigate phononic thermal conduction, we have been using the Normal metal-Insulator-
Superconductor (NIS) tunnel junctions as thermometers5,6. A SEM image of a NIS thermometer and 
its operating circuit is shown in Figure 2 (a). NIS junctions are fabricated using an electron-beam li-
thography and an ultra-high-vacuum e-beam evaporation. A typical size of the junction is a several 
hundreds of nm each as in the inset of Figure 2 (a). The red part in the figure (online) is a normal met-
al (Cu) island which can absorb phonons from the environment. The thermometer works with a con-
stant-current bias, with the voltage being inversely proportional to the normal metal electron tempera-
ture5,6. As the superconducting leads (Al) of the NIS junctions do not carry any heat electronically, all 
the absorbed and emitted power is carried by phonons. In this dynamic equilibrium case, the electron 
temperature follows the phonon temperature. The sensitivity of the NIS thermometer is extremely 
high as much as 0.9 V/mK below 200 mK. The small length of the island of the order of m is also 
suitable for measuring the local phonon temperature. 

Figure 2 (c) is a dark-field micrograph of a perforated Si3N4 membrane of the thickness of 300 nm 
with a hole diameter of 5 m and a lattice constant of 10 m. Two SINIS junctions located at the cen-
ter act as a thermometer and a heater, respectively. Holes are uniformly formed across the whole 
membrane size of 360 × 360 m2. 
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Figure 2 (a) A SEM image of the NIS thermometer and its operating circuit. NIS thermometers are operated by a con-
stant-current biasing. (b) I-V characteristics of the NIS thermometer at various temperatures. (c) A dark-field micrograph 
of the perforated Si3N4 membrane with a SINIS thermometer and a heater. 
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Dispersion of Confined Acoustic Phonons in Ultra-Thin Si 
Membranes 
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The dispersion curves of confined acoustic phonons in ~10 and ~30 nm Si membranes were 
measured using Brillouin Light Scattering (BLS) spectroscopy. The dispersion relations of the 
confined phonons were calculated from a semi-analytical model based on continuum elasticity 
theory. Green’s function simulations were used to simulate the Brillouin spectra.  

 

The acoustic properties of ultra-thin Si layers are important for many areas of nanofabrication, im-
pacting on both structural integrity and thermal transport. The effect of phonon confinement is par-
ticularly important, affecting both heat dissipation and charge carrier mobility1,2. The goal of this 
work is to obtain a deeper understanding of phonon confinement and propagation in materials with 
dimensions comparable to thermal phonon wavelengths. Previous studies have investigated out-of-
plane confined acoustic phonons in 30 nm Si membranes by inelastic light scattering at normal inci-
dence, with use of a triple grating Raman spectrometer3,4. In this work the in-plane propagation of 
these modes is investigated as a function of the parallel component of the wavevector, using a high-
resolution Tandem Fabry-Perot Interferometer. The effect of the ~1 nm native oxide layer in such thin 
systems was also calculated using a three-layer model. 
 

Methods 
 

Brillouin Light Scattering (BLS) spectroscopy is an inelastic light scattering technique, which can 
directly measure acoustic phonon dispersion in a non-destructive manner. Using an angle-resolved 
approach, out-of-plane confined phonons as well as flexural, dilatational, and shear modes propagat-
ing in the plane of the membrane were investigated. The dispersion curves were calculated from nu-
merical solutions to the analytic equations for the acoustic modes in a membrane, based on a conti-
nuum elasticity model5. Green’s function simulations were also used to calculate the density of states 
of the phonon modes and to simulate the Brillouin spectra6. The membranes of area 500 x 500 m2 
were fabricated on nominally undoped 150 mm thin SOI wafers using Si MEMS processing tech-
niques. The thin SOI wafers were produced by bonding the standard SOI wafers from SOITEC com-
pany7 with a Si oxidized wafers. 
 

Results 
 

The BLS spectra of the membranes corresponded to calculated thicknesses of 12 and 28 nm. Calcula-
tions for the 12 nm membrane showed that mode frequencies exhibit a detectable shift of 8% with 
changes in the thickness of the membrane of 1 nm, which is of the order of the uncertainty in the 
thickness measurement. The ultra-thin nature of the membranes resulted in a slow phase and group 
velocity for the first order flexural (A0) modes, with a phase velocity down to 320 m s-1 recorded for 
the 12 nm membrane. This is 15 times smaller than the comparable bulk value (Rayleigh Wave)  

vRSAW = 4921 m s-1. This resulted in a large phonon density of states, as evidenced by an enhanced 
acousto-optic interaction and therefore a strong scattered signal. It was observed that the experimental 
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data agree with the dispersion curves calculated from continuum elasticity theory to within experi-
mental error, apart from the dilatational mode of the 12 nm membrane (Figure1a), which is under fur-
ther investigation. 

Calculations for a three layer system were also performed to take account of the native oxide layer, 
which was found to cause a detectable change in the dispersion of the higher order (n>0) acoustic 
modes. (Figure 1b) 

 

     
(a)                                     (b) 

 

Fig. 1: (a) Phase velocity vs. dimensionless parallel wavevector for 12 nm (blue squares), 28 nm (red circles) and 430 nm 
(green triangles) membranes, with theoretical calculations for the first order flexural (black line) and dilatational (red line) 
modes of a Si membrane. (b) : Dispersion curves of the dilatational modes of a 30 nm Si membrane, (blue solid line) and 
28.4nm Si with 1.6 nm SiO2 on the top and bottom surfaces (red dashed line). 
 

Conclusions 
 

The acoustic dispersion relations of confined phonons in ultra-thin Si membranes, with thicknesses of 
12 and 28 nm, were measured. The experimental results were compared with semi-analytic and 
Green’s function calculations with satisfactory agreement, confirming a small phase and group veloc-
ity for the first order flexural mode. Calculations show that the spectra are sensitive to changes in 
thickness of the membrane on the order of 1 nm. The higher order acoustic modes were also shown to 
be sensitive to the presence of the thin native oxide layer. This work provides a basis to investigate the 
effect of acoustic phonon confinement on thermal transport in systems with sub- 50 nm dimensions. 
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Abstract: We describe theoretically how acoustic phonons can directly transmit energy and 
conduct heat between bodies that are separated by a vacuum gap. This effect is enabled by in-
troducing a coupling mechanism, such as piezoelectricity, that strongly couples electric field 
and lattice deformation. 

Advances in experimental techniques have enabled near-field heat transfer measurements from m
down to 10 nm body distances1. We have recently proposed that at such distances a new type of eva-
nescent field heat transfer mechanism due to acoustic phonons can exist2. Significant energy transmis-
sion and heat flux across a vacuum gap is possible if the acoustic phonons can induce a quasi-static 
electric field, which then can leak into the vacuum [see Figs. 1(a) and 1(b)]. Such a mechanism is pro-
vided, for example, by the piezoelectric (PE) effect.  

Our approach involves the determination of the scattering matrix of the system and the resulting en-
ergy transmission coefficients T .2 The thermal boundary conductance G  arising from transmission of 
mode  is calculated by phonon Landauer formula, which we write in the form  
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where T eff is the effective transmission coefficient, v  is phonon velocity and qT=2 kBT/hv  is  the  
thermal wave number (T being the temperature). Mode indices =L and =S stand for longitudinal 
and transversal, respectively (the two transversal modes are not written explicitly). Here qc is the Bril-
louin/Debye cut-off and <…> stands for solid angle average. 

Coupling of lattice deformation and (quasistatic) evanescent electric field leads to certain type of scat-
tering matrix and energy transmission without specifying the details of the (linear) coupling mecha-
nism. This general analysis anticipates exponentially low "tunneling" regimes and also strong reso-
nances in solid-vacuum-solid phonon transmission2. Here the numerical transmission calculation ex-
amples rely on piezoelectric coupling and, therefore, show some similarities with Refs. 3.  

Figure 2(a) shows numerically calculated energy transmission T from a PE material to another across 
a vacuum gap following the S-matrix approach of Ref. 2. We have adopted material parameters that 
are close to that of ZnO with the simplifying approximation of only one nonzero element of the piezo 
tensor (e33 = 1.3 C/m2). Note that for this approximation the acoustic and electric fields are decoupled 
for the transversal mode whose polarization is parallel to the interfaces. Therefore, in Figure 2 the S 
mode refers to the mode whose polarization is in the plane of incidence and we need to consider only 
single angular variable , the angle of incidence. We can observe that the transmission probability of 
both modes exhibit strong resonances in the (qd, )-plane.  Most  striking feature is  that  at/around the 
resonances the phonons can go through the gap with (or close to) unity transmission. 

Figure 2(b) shows T eff and G  obtained from Eqs. (1) and (2) and T of Fig. 2(a). At low temperatures 
the S-mode thermal conductance GS is ~15 % of the unity transmission thermal conductance. At high 
temperatures GS saturates, because only long wavelength transversal phonons can go across the gap. 
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The L-mode shows no saturation, because of the strong resonances at large q. These resonances en-
able some of the small wavelength longitudinal phonons to be transmitted across the vacuum gap even 
with unity transmission. It should be noted that if we introduce a finite cutoff qc then GL also saturates 
at the limit qT / qc >>1. 

We conclude that, essentially, this work describes how acoustic phonons can directly transmit energy 
and heat between bodies without any mechanical inter-body contact. We believe that this novel effect 
is of interest in phononics and nanoscale heat transport.  
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Figure 2 (a) Logarithmic contour plot of energy transmission coefficients T  between two PE bodies as a function of nor-
malized wave vector qd (d is the gap width) and the angle of incidence . The lower panels show log-log blow-up of the 
small-  large-qd region. (b) Effective transmission Tg

eff (the inset) as a function of qTd and the interface thermal conduc-
tance G  (the main part) as a function of temperature (we have set qc ). The curves are obtained from the T  of (b) by 
using Eqs. (1) and (2). For the y-axis units of the main figure we have 2 2v kB/30d3 = Yg ×(100 nm/d)3 W/Km2, where YL(S)
= 55.6 (24.9). 

Figure  1 Illustration of the phonon transmis-
sion/tunneling effect through a vacuum gap. (a) Hot 
source radiates phonons towards cold sink. Single 
phonon carries an electric field, illustrated by + or -
signs of wavefront polarization. The polarization in-
duces an electric field into the vacuum gap. The field 
enables finite transmission over the gap. (b) A projec-
tion showing the spatial behaviour of the phonon 
waves (u) and of the evanescent electric E. The 
dashed curves depict the “reflected” evanescent field.
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Nanostructured two-dimensional phononic materials  
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Abstract: Phononic properties of nanostructured two-dimensional materials such as graphene 
and boron nitride (BN) sheets are calculated using the method of molecular dynamics. Nano-
phononic crystals composed of periodic array of holes in graphene exhibit Bragg scattering at 
non-cryogenic temperatures leading to reduction in thermal conductivity.  The transport of pho-
nons across non-periodic arrays of asymmetric holes in BN sheets is discussed in the context of 
scattering and non-linear effects that may lead to thermal rectification.  

 

 

  Phonons contributing to thermal conductivity have wavelengths ranging from nanometers to several 
hundreds of nanometers. Nanofabrication techniques have the potential of structuring materials in a way 
that may affect the propagation of thermal phonons. This possibility opens perspectives in the fields of 
thermal management and thermoelectrics. Modulating the thermal properties by creating a nanoscale 
composite material is an approach that has been extensively studied in the case of superlattices [1-3]. 
These stacks of nanoscale layers have been shown theoretically and experimentally to impact thermal 
transport due to scattering effects of phonons. In contrast to the 1-D superlattice structures, not much is 
known of the effect of 2D nanophononic structures on thermal conductivity and phonon transport. In this 
work we report on the phononic properties of nanostructured two-dimensional materials such as graphene 
and boron nitride (BN) sheets.  Specifically we examine periodically patterned anti-dot graphene struc-
tures and defected BN sheets. Thermal properties and phonon transport behavior are modeled using the 
method of molecular dynamics (MD). The forces between atoms are determined from Tersoff-Brenner 
family of interatomic potentials . Both equilibrium as well as non-equilibrium MD formulations are used 
in this work to examine thermal properties of the systems under study.   

MD simulations are carried out in conjunction with phononic band structure calculations in order to char-
acterize the thermal transport properties of graphene-based nanophononic crystals composed of periodic 
arrays of hole inclusions (Fig. 1). In particular, the heat current autocorrelation function is calculated us-
ing the Green-Kubo equilibrium method, enabling the estimation of  the lifetimes of acoustical and optical 
phonons as well as the thermal conductivity as functions of the filling fraction of the phononic crystals 
and temperature (Figs. 2a and 2b). We observe that Bragg scattering of thermal phonons leads to dramatic 
changes in the phonon lifetimes for filling fractions as low as 2.5% over a significant range of tempera-
ture. This change of lifetimes is followed by a corresponding change in the thermal conductivity. We dis-
cuss the results on the phonon lifetime in the context of competition between elastic Bragg scattering and 
inelastic phonon-phonon scattering. Our results suggest that in addition to impacting elastic scattering, 
band effects due to the phononic structure may also impact inelastic scattering.  

Boron nitride (BN) sheets and thin films can contain non-periodic distributions of triangular holes as 
shown in Ref [4]. Using non-equilibrium molecular dynamics methods, the thermal transport perpendicu-
lar to an array of triangular holes in a BN sheet (Fig. 2) is studied as a function of thermal gradient of var-
iable magnitude and sign. Results indicate that there is asymmetry in the magnitude of thermal flux when 
the thermal gradient changes sign, due to the interplay between geometrical effects (phonon scattering by 
asymmetric holes) and non-linear effects such as temperature dependent phonon density of states. Further, 
asymmetry in thermal transport is observed over a broad range of temperatures.  These effects suggest 
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that BN sheets containing oriented non-periodic triangular holes may serve as a platform for designing a 
thermal rectifier or thermal diode.    
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Figure 2: (a) Thermal conductivity deduced from the 
Green-Kubo method as a function of the filling frac-
tion at 300 K (Squares). The contribution of the optical 
(Circles) and acoustical phonons (Triangles) are dis-
tinguished. These data are compared to a parallel (dot-
ted line) and Maxwell (solid line) mixing model. (b) 
Mean acoustical and optical phonons lifetimes as a 
function of the filling fraction at 300K. These lifetimes 
are estimated from the fit of the heat current correla-
tion functions. Error bars on calculated lifetime and 
thermal conductivity due to the exponential fit of the 
heat current autocorrelation functions are the size of 
the data points.  

 

Figure 3: An illustration of the 2-D BN sheet with the 
triangular defect. The X-Y dimensions of the sheet are 
175 Å x 70 Å, and periodic boundary conditions are 
employed in the Y direction, and the temperature gradi-
ents are applied in the X direction. 

Figure 1: Illustration of the patterned graphene structure. 
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Effect of Interface Roughness on Phonon Transport         
in Superlattices 
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Abstract: We present a boundary perturbation method to analyze phonon reflection, transmis-
sion, and mode conversion at a rough interface, and extend these calculations using a transfer 
matrix approach to examine the effects of interface roughness on phonon transport in multi-
layer thin films. 

Superlattices have been used to control the transport of acoustic phonons for coherent phonon1,2 and 
heat transfer applications. In phonon “lasers” and terahertz phonon devices, superlattices are used as 
Bragg reflectors for acoustic cavities3-5. In thermoelectric devices, superlattices are used to increase 
phonon scattering and hence reduce thermal conductivity, leading to higher thermoelectric energy 
conversion efficiency6-8. 

Coherent effects that rely on interface periodicity, such as Bragg reflection, are sensitive to fluctua-
tions in interface position caused by roughness. Interface roughness can disrupt specular interference 
effects, increase parasitic coupling into other phonon modes (e.g., longitudinal acoustic into trans-
verse acoustic), and increase diffusive scattering. Since the acoustic phonons relevant for terahertz 
devices and most heat transfer applications have wavelengths less than 10 nm, atomic-scale interface 
roughness is expected to play a much more significant role than it does at optical wavelengths. 

Previous work has examined the interaction of acoustic phonons with interface roughness by imple-
menting an empirical specularity parameter9-11 or by summing a collection of specular reflections off 
of a defined roughness geometry12. Such approaches are limited in their ability to account for phonon 
mode conversion at the interface. Lattice dynamics and Green’s function formulations13,14 have also 
been utilized for this purpose but are often computationally expensive and restricted to unrealistic 
roughness profiles (such as short in-plane correlation lengths).  

We have developed a boundary perturbation method to model phonon transport at rough solid-solid 
interfaces, building off of previous work that has applied such methods to rough interfaces between 
liquid helium and copper15,16 as well as ice and water17. This approach allows interface roughness to 
be characterized by statistical parameters such as the standard deviation of interface height (RMS 
roughness) and the in-plane correlation length, making calculations of mode conversion and separa-
tion into specular and diffuse components straightforward.  

Using the boundary perturbation method, we predict the frequency (wavelength) and angle of trans-
verse (TA) and longitudinal (LA) acoustic phonons emitted when an LA phonon is incident on a sin-
gle rough interface at a particular angle. We then utilize these parameters within a transfer matrix ap-
proach to calculate the phonon transmission and reflection characteristics of a superlattice with a spe-
cified roughness profile. Metrics of interest for phonon Bragg reflectors (e.g., coherent reflectivity, 
full with at half maximum of the stop band) are calculated for superlattices in relevant material sys-
tems such as SrTiO3/BaTiO3 with various roughness profiles and numbers of superlattice periods. A 
quantitative analysis is performed to assess the relative contributions of acoustic impedance contrast 
and interface flatness to superlattice reflectivity. Implications for heat transfer applications (e.g., 
thermal boundary resistance) at low temperature are discussed. 

This work was supported by the United States Air Force Office of Scientific Research (AFOSR) 
through the Multidisciplinary University Research Initiative (MURI) program under grant number 
FA9550-08-1-0340. 
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Acoustic phonon relaxation rates in nanometer-scale 
membranes

E. Chavez1, P.O. Chapuis2, J. Cuffe2, F. Alzina2, C.M. Sotomayor-Torres2,3

1 Dept. of Physics, Universitat Autònoma de Barcelona and Catalan Institute of Nanotechnology CIN2(ICN-
CSIC), Campus de la UAB, 08193 Bellaterra (Barcelona), Spain, emigdio.chavez@icn.cat

2 Catalan Institute of Nanotechnology CIN2(ICN-CSIC), Campus de la UAB 08193 Bellaterra (Barcelona),
Spain, p2n@icn.cat

3Catalan Institute for Research and Advanced Studies (ICREA) 08010 Barcelona, Spain

Abstract: The elastic continuum model is applied to analyse the acoustic phonon modes for single and three-
layer membranes. The dispersion relations are computed using a numerical approach and are compared with 
experimental and theoretical results. These values are used to compute the rate of relaxation, considering a 
three-phonon Umklapp process.

The electronic properties of free-standing membranes, nanowires and ultrathin films, which are the 
buildings block of the components for the future electronics devices and nano-electrical mechanical 
nanostructures, have been the subject of the extensive studies. On the contrary, their thermal proper-
ties have received comparatively less attention. The phonon dispersion relation and the phonon inte-
raction in such nanostructures are expected to be significantly different from due to bulk due to the 
confinement effects.

Our approach to investigate the phonon dispersion in free-standing layers is based in the elastic conti-
nuum model in isotropic media. Within this model, the equation of the phonon displacement vector, 
“u”, may be written as1:
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where ct and cl are transversal and longitudinal sound speeds, respectively. The movement was solved 
for two different systems: (i) one layer of medium A of
thickness a embedded in air, (ii) a stacking of three layers 
of alternating A and B media (see figure 1).

The general solution for the 1-layer system are: shear 
waves, dilatational (symmetric) and flexural (antisymme-
tric) waves2. The solutions for the 3-layer structures are: 
shear waves (only nonzero y components), symmetric x
component and antisymmetric z component (SA waves), 
and antisymmetric x component and symmetric z compo-

nent. The SA (AS) waves consists of dilatational (flexural) waves in the “A” layer and a linear combi-
nation of all waves in the two “B” layers. The calculated dispersion relations for flexural and SA 
waves are shown in the fig. 2 for a monolayer of silicon and the 3-layers structure SiO2-Si- SiO2. Note 
that the native oxide layers are in principle always present. Once obtained the dispersion relation we 
can derivate the group and phase velocity as well as the density of states.

From the first-order perturbation theory, the single-mode relaxation rate of Umklapp process (U) for a 
thermal mode q can written be as3:
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where is the Grüneisen parameter, vis the sound velocity, n(ωi), n(ωi+ ωj) are the equilibrium oc-
cupation of the states of qi, qi+qj and  is the density.

Figure 1 Structures considered for the present 
study
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We calculate the different relaxation rates without approximation and compare our results with ref. 4.
We find a significant modification of the U-process in comparison to the case of bulk medium. Our 
aim is in particular to identify the implications of the presence of native oxide on the dispersion 
curves and the relaxation rates.
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Figure 2: Dispersion curves of the flexural modes 
of a 30 nm Si membrane, (blue solid line) and 
28.4nm Si with 1.6 nm SiO2 on the top and bottom
surfaces (red dashed line).

Figure 3: Phonon relaxation rates due to Umklapp 
process at T=300 K 
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Nanoscale Phonon Engineering: From Quantum Dots and 
Nanowires to Graphene and Topological Insulators  

Alexander A. Balandin  
 

Department of Electrical Engineering and Materials Science and Engineering Program, Bourns College of  
Engineering, University of California – Riverside, Riverside, California 92521 U.S.A.  

E-mail address: balandin@ee.ucr.edu 
 

Abstract: I describe the nanoscale phonon engineering concept and its possible applications. 
Nanostructures offer new ways for controlling phonon transport via tuning phonon dispersion. 
Engineering the phonon spectrum can become as powerful a technique as the electron band-
gap engineering, which revolutionized electronics. I outline recent examples of phonon engi-
neering in quantum dot superlattices, nanowires, graphene ribbons and topological insulators. 
Particular attention is given to the phonon thermal transport in graphene and graphene's appli-
cations in thermal management.   

The nanoscale phonon engineering is defined as controlled modification of the phonon spectrum and 
phonon transport in nanostructures with the goal of achieving higher electron mobility or changed 
thermal conductivity or other property, allowing for performance enhancement of electronic, thermoe-
lectric or optoelectronic devices. The phonon engineering concept was initially introduced for nano-
structures and nanodevices made of conventional semiconductors [1]. Tuning of the acoustic phonon 
spectrum in nanostructures with the acoustic impedance mismatch can help in achieving enhanced 
functionality such as decreased phonon thermal conductivity, beneficial for thermoelectric applica-
tions [2], or increased electron mobility [3]. The nanometer length scale, which is comparable to the 
thermal phonon wavelength in semiconductors, is essential for the phonon confinement effects and 
phonon engineering near room temperature (RT).  

The change in the thermal conductivity of semiconductors due to the phonon – boundary scattering 
and phonon confinement effects bares important consequences for electronic industry in a view of 
continuous miniaturization. Heat in technologically important semiconductors is mostly carried by 
acoustic phonons. The feature size of the state-of-the-art transistor is already well below the RT pho-
non mean-free path (MFP) in Si, which is ~50 nm according to Debye model. In nanostructures with 
feature size W much smaller than the phonon MFP, the acoustic phonon spectrum undergoes modifi-
cation and appears quantized provided that the structures are free standing or embedded within ma-
terial with different elastic properties (acoustic impedance). This modification is particularly strong 
when W approaches the scale of the dominant phonon wavelength ./48.1 TkBS   Here kB is the 
Boltzmann constant, T is the absolute temperature,   is the Plank’s constant, and S  is the sound ve-
locity. For many crystalline solids,  is on the order of ~1.5 – 2 nm at RT, which is comparable to the 
thickness of the transistor gate dielectric or period of superlattices used in optoelectronic or thermoe-
lectric devices. 

The newly developed synthesis techniques have expanded the list of nanostructures and materials 
suitable for engineering the phonon spectrum. The “graphene revolution” started by the mechanical 
exfoliation of the single atomic layer graphene (SLG) made possible investigation of phonons in 
strictly two-dimensional (2D) systems. The knowledge about optical phonons in graphene led to the 
development of Raman spectroscopy as nanometrology tool for graphene identification on variable 
substrates and at different temperatures [4]. We have discovered experimentally that suspended gra-
phene reveals an unusually high intrinsic thermal conductivity exceeding that of carbon nanotubes [5]. 
In order to measure the thermal conductivity of “free” graphene we developed on original optical non-
contact technique (see Figure 1). The fact that the phonon thermal conductivity of large enough gra-
phene flakes should be higher than that of the basal planes of bulk graphite was predicted theoretically 
by Klemens a decade ago. He pointed out at the fundamental differences in the long-wavelength pho-
non transport in 2D graphene and 3D graphite. Unlike in bulk graphite, in SLG the phonon transport 
remains 2D down to zero phonon energy, which results in larger contributions of long-wavelength 
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phonons to heat conduction [6]. It is also related to the fact that the intrinsic thermal conductivity in 2-
D anharmonic crystals manifests divergence with the size of the system [7]. We were able to study the 
dimensional crossover of phonon transport both theoretically and experimentally using suspended 
few-layer graphene (FLG) flakes [7]. It was found that the “intrinsic” thermal conductivity of FLG 
reveals completely opposite dependence (see Figure 1) on the number of atomic planes (thickness) 
than the extrinsic thermal conductivity in conventional thin films, which is dominated by the phonon 
– boundary scattering. The extremely high thermal conductivity of graphene coupled with its flat 
geometry and demonstrated ability for functioning in Si-based devices make graphene promising ma-
terial for engineering heat fluxes and thermal management of nanoelectronic circuits [8]. We extended 
the “graphene-like” mechanical exfoliation and phonon engineering techniques to other materials such 
as bismuth telluride, which are used for thermoelectric and topological insulator applications [9]. The 
knowledge of optical phonons allowed us to use Raman spectroscopy as nanometrology tool for topo-
logical insulators [10]. A detail review of the nanoscale phonon engineering in quantum dot superlat-
tices, heterostructures and nanowires with acoustically mismatched barriers can be found in Ref. [11].  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
This work was supported, in part, by AFOSR grant on Phonon Engineering, ONR grant on Graphene 
Quilts and SRC – DARPA Focus Center Research Program (FCRP) through its Functional Engi-
neered Nano Architectonics (FENA) center. 
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Figure 1 (Left panel) Schematic of the experimental set up, which was used for the first measurement of the thermal con-
ductivity of graphene. In this experiment the excitation laser light focused on graphene suspended across a trench in Si 
wafer. Laser power absorbed in graphene induces a local hot spot and generates heat wave propagating toward the heat 
sinks. The local temperature rise was determined from the G peak shift in graphene Raman spectrum. (Right panel) The  
evolution of the phonon transport as system dimensionality changes from 2-D graphene to 3-D graphite revealed using 
suspended few-layer graphene samples. The figure is after Ref. [7].  
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Understanding and Controlling High-Frequency Phonon 
Thermal Energy Transport in Nanostructures 

M. Maldovan1  
1 Department of Materials Science and Engineering, 

Massachusetts Institute of Technology, 
77 Massachusetts Av., Cambridge, MA 02139USA 

maldovan@mit.edu 
 

Abstract: We present a novel theoretical approach based on the kinetic theory of transport 
processes to understand and accurately describe the transport of high-frequency phonon ther-
mal energy in nanostructures over a broad range of temperatures and across multiple length 
scales, i.e. from nano to micro. Good agreement with experiments is obtained. 

 Modern experimental technologies enable the fabrication of complex nanostructures such as nan-
ofilms, multilayers, superlattices, nanowires and nanotubes, nanoparticle composites, quantum dots, 
micro and nanoelectronic devices and MEMS. In many of the applications for which these nanomate-
rials are designed, the control of phonon heat transport is critical for the resultant energy efficiency of 
the device.1-8 For example, materials with high thermal conductivities are necessary to rapidly dissi-
pate heat in increasingly dense electronic devices such as computer microprocessors or semiconductor 
lasers. On the other hand, materials with low thermal conductivities are needed to increase the effi-
ciency of energy conversion materials such as thermoelectrics (which can convert waste heat into 
electricity) or to create highly efficient thermal insulators (which can increase building energy effi-
ciency for heating and cooling). The understanding and controlling of high-frequency phonon energy 
transport in nanostructured materials is thus crucial for the development of the new generation of en-
ergy efficient nanoscale devices in science and technology.  

 Thermal transport in solids is not necessarily a fixed material property but it can be controlled by 
modifying the thermal properties of phonons through different methods (e.g. impurities, lattice de-
fects, geometry, etc.). Although the physical mechanisms governing the thermal conductivity of solids 
have been understood for years, a comprehensive theoretical method to accurately calculate the trans-
fer of thermal energy, particularly at small scales, has not been available. This is due to the physical 
and mathematical complexity of three-phonon anharmonic processes and the effects of phonon scat-
tering at the boundaries. At normal temperatures, phonon mean free paths are much smaller than the 
dimensions of macroscopic materials and the thermal conductivity is independent of material size and 
shape. As the material size is decreased, however, the thermal conductivity is reduced below that of 
the bulk material. This effect is mainly assigned to the shortening of the phonon mean free paths by 
collisions with the boundaries. One of the main difficulties of current theoretical models is to accu-
rately calculate and predict this surface related reduction of the phonon mean free paths.  

 In this talk, we present a novel theoretical approach to understand and accurately describe the 
transport of phonon thermal energy in nanostructures over a broad range of temperatures and across 
multiple length scales, i.e. from nano to micro. The theoretical model is based on the kinetic theory of 
transport processes and includes the directional and spatial dependence for the reduction of the pho-
non mean free paths due to surface scattering. The model also considers general expressions for all 
physical variables involved in the transport of thermal energy such as dispersion relations ωj(k), bulk 
phonon mean free paths ℓ0(k), and surface specularity parameters p(k). The thermal conductivity is 
calculated by using the formula 
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where ħ and kB are the Planck and Boltzmann constants respectively, T is the temperature, ωj =ωj(k) is 
the phonon frequency, νj(k)=∇kω j (k) is the group velocity, j refers to the different polarizations, and 
θ is the angle between the wavevector k and the thermal gradient ∇T. 

 We successfully applied the proposed theoretical model describing nanoscale heat transport to 
calculate the thermal conductivity of nanostructures (e.g. thin films, layered materials, nanowires, 
etc.). We obtained good agreement between our theoretical calculations and experimental measure-
ments across different nanostructures, length scales, and temperatures. The final goal of this project is 
to be able to design, develop, and fabricate novel materials with specific (low or high) thermal con-
ductivities and to create energy efficient microelectronic and optoelectronic devices and to increase 
the efficiency of many energy saving devices such as thermoelectrics and thermal insulators.  
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Nanophononics using Acoustic and Optical Cavities 
N. D. Lanzillotti-Kimura1,2 , A. Fainstein1, B. Jusserand3, B. Perrin3,  
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Abstract: We report pump-probe time experiments in acoustic and optical cavities. We dem-
onstrate that the generated coherent acoustic phonon spectra can be inhibited or enhanced in 
the cavity.  Simulations highlight the role of the phonon density of states in the coherent pho-
non generation, extending concepts at the base of the Purcell effect to the field of phononics. 

Changing the spontaneous light emission rate and spectra of atoms or excitons through the modifica-
tion of the photon density of states has been the subject of significant efforts following Purcell's pro-
posal and demonstration in the microwave domain.1 This has been accomplished either by changing 
the dielectric boundaries close to the emitting species, or more fundamentally by embedding the emit-
ter in an optical microcavity.2 Depending on the tuning of the emitter spectra with maxima or minima 
of the modified photonic density of states, the emission can be either enhanced or inhibited. Similar 
ideas have been applied to modify other light-matter interactions processes. The search for large Pur-
cell effects is at the heart of the quest for thresholdless lasing. In the field of phononics, and specifi-
cally the search of phonon lasing for efficient monochromatic THz sources, and for the control of heat 
at the nanoscale, these ideas have not been pursued to date. Here we demonstrate that the coherent 
acoustic phonon emission spectra of an impulsively excited thin metallic film can be either inhibited 
or enhanced by embedding the metal layer in an acoustic nanocavity.3-6 This has been accomplished 
by using for the first time a hybrid metal cavity with BaTiO3/SrTiO3 epitaxial oxide phonon mirrors. 
 
Acoustic nanocavities are the hypersound analog of the extensively studied optical microcavities.3-6 
We use a femtosecond laser light impulsion to generate a pulse of coherent sub-THz phonons in a me-
tallic layer, and then we study how the latter is modified by changing the structure around the metal 
film. We compared two samples, in the first one we deposited the Ni film directly on a SrTiO3 sub-
strate, while in the second one the film is embedded in an acoustic nanocavity.  In the latter, we chose 
as bottom broadband acoustic mirror BaTiO3/SrTiO3 superlattice (SL) grown by molecular beam epi-
taxy on a SrTiO3 substrate. BaTiO3 and SrTiO3 have optical energy gaps in the 350 nm range and are 
consequently completely transparent at the laser energy of 750 nm.  In this way, the acoustic mirrors 
only affect the acoustic boundary conditions of the metallic film, and thus its local acoustic density of 
states.  The sample-air interface responds to a free surface boundary condition. This surface performs 
as the top mirror to complete the phonon cavity.  Both the coherent phonon generation and detection 
are performed only at the metallic films.  In the case of the acoustic nanocavity the measured spec-
trum presents an enhanced peak at the confined mode energy, while in the case of the naked Ni film 
the spectrum is broad and featureless.  Moreover, we observed the inhibition of the coherent phonon 
emission in the region of the acoustic stop-band.  In other words, within the phononic stop-band 
modes are expelled and they concentrate at the cavity resonance and at the stop-band edges. It is this 
modification of the mode density landscape that determines at which energies acoustic phonons can 
be emitted by the metallic layer (enhancement at the cavity mode), and at which they cannot (inhibi-
tion within the phonon gap).  In addition, outside the phononic stop-band oscillations develop in the 
generated spectrum which, when compared with the bare Ni-film, also express weaker but clear inhi-
bition and enhancement regions. The experiments are compared with calculations of the impulsive 
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generation and detection of coherent phonons that highlight the role of the phonon density of states on 
the acoustic emission rate, extending the concept of the optical Purcell effect to the field of phononics. 
 
In addition, we report experiments performed on structures based in semiconductor optical microcavi-
ties, where acoustic phonons and photons can be confined simultaneously.  Thus, both the optical and 
acoustic densities of states result modified.7-8  An optical microcavity confines the electromagnetic 
field both spectrally and spatially, inducing strong changes in the light-matter interaction and giving 
rise to novel physical phenomena and devices.  In the case of planar semiconductor optical microcavi-
ties, two distributed Bragg reflectors (DBRs) enclose an optical spacer. The confinement characteris-
tics and the amplification of the electric field are determined by the selection of materials, thickness, 
and number of periods that constitute each DBR and the optical spacer. Optical microcavities have 
been the subject of very active research during the last 15 years, and have been used to study the mod-
ification of the photonic lifetimes, parametric oscillations, cavity polariton Bose-Einstein condensates, 
the polariton laser, and amplification of Raman scattering signals, among others.9-11 
 
Particularly, the photonic confinement and amplification have been used in these high-Q resonators to 
amplify the optical generation of incoherent phonons through Raman processes and to evidence new 
effects in the phonon physics and dynamics in semiconductor nanostructures. This scheme was used 
to study confined phonons in acoustic nanocavities. The optical resonances can be complemented 
with electronic resonances giving rise to amplified Raman cross-sections of up to 107. On the con-
trary, the use of optical confinement for the enhanced coherent generation of acoustic phonons (in 
contrast with incoherent generation by spontaneous Raman scattering) is a concept that has been little 
treated up to now. The realization of a monochromatic, coherent, and intense source of ultrahigh fre-
quency acoustic phonons based on semiconductor optical microcavities and the obtained coherent 
phonon enhancements will be also discussed.   
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Reduction of Thermal Conductivity in Silicon Slabs  
by Unit Cell Nanostructuring  
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Abstract: The emerging field of phononics is enabling a cross-flow of ideas pertaining to 
wave propagation in periodic media to be transferred from one scale to another. Just like unit 
cell structuring has seen much interest in phononic crystals for the control of sound and vibra-
tion, the same can be done at the nanoscale for the control of thermal properties. Here we 
present ideas for unit cell nanostructuring within thin silicon slabs for the purpose of reducing 
the thermal conductivity. To assess our models we use a Callaway-Holland-type scheme for the 
thermal conductivity prediction, and employ full-fledged lattice dynamics calculations to accurate-
ly capture the dispersion of the nanostructured silicon slabs. 

The phonon band structure of a crystalline solid has a direct influence on its thermal conductivity, 
especially at conditions where coherent transport is dominant.  Key features of the band structure are 
frequency band gaps and the values of the group velocity at each dispersion branch. Beyond linear 
dispersion, other important quantities are the nature of the different types of nonlinear wave interac-
tions (expressed in terms of scattering/relaxation times), the heat capacity, the presence of defects, and 
the ambient temperature.  A strong understanding of the effects of these parameters will enable a new 
material design paradigm towards potentially dramatic reductions in the thermal conductivity.  Many 
applications stand to benefit from such an advance, chief among them is the development of thermoe-
lectric energy conversion materials with very high values of the figure-of-merit (a metric for quantify-
ing the performance of the energy conversion).     

The concept of phonon engineering of nanoscale structures has been a topic of intense research in re-
cent years, e.g., Ref. 1. Among the various phonon engineering strategies considered is the idea of 

utilizing phononic crystals at the nanoscale to provide a 
means for a controlled influence on the phonon transport 
properties, e.g., Refs. 2-8. Among the configurations consi-
dered is the insertion of periodic holes in silicon slabs6,7.  
By selecting appropriately large dimensions for the lattice 
spacing and the holes diameter, phonons will destructively 
interfere and will nonlinearly scatter while minimal electron 
scattering will be incurred. In this manner the thermal con-
ductivity can be reduced without altering the electronic 
properties (a favorable outcome for thermoelectric mate-
rials). A recent study based on a continuum model for the 
phononic crystal band structure has demonstrated this ad-
vantage7. A continuum model however over-simplifies the 
phonon band structure and does not capture the subtle cha-
racteristics of the higher-order optical modes.  In this paper 
we carry out full-fledged lattice dynamics calculations on 
the silicon slab supercells with and without holes, and pro-
ceed to investigate the effects of the periodic holes on the 
thermal conductivity.  

We consider silicon slabs formed by extending the diamond 
cubic 8-atom unit cell along the Cartesian directions.  For 
the interatomic potential we utilize the Tersoff potential 
with second nearest neighbor interactions considered.  The 
slab size analyzed is a 5x5x5 supercell measuring 2.7 nm 
along each Cartesian direction and contains 1000 atoms.  

Figure 1: 5x5x5 Silicon slab (top) con-
taining 1000 atoms.  Silicon slab with 
periodic holes (bottom). 
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The hole diameter is set to be 0.6 of the lattice constant (Fig. 1).  Given that the lattice dynamics for-
mulation models the motion of each individual atom, limited computational resources prevent us from 
considering larger dimensions; however, this initial study provides a proof-of-concept.  Prior to com-
puting the band structure, surface relaxation along the top and bottom boundaries of the slab and 
around the holes is implemented. Fig. 2 (left) shows the band structure of this relaxed slab configura-
tion compared to that of a bulk silicon supercell of the same size.  Clearly, the acoustic branches exhi-
bit slab-like properties with a reduced group velocity at low wave numbers.  Upon introducing the 
periodic holes (Fig. 2, right), a flattening of the branches is observed within both the acoustical and 
optical modes in addition to a general reduction in frequencies.  These band structure alterations have 
a significant effect on the thermal conductivity; using a Callaway-Holland-type scheme for thermal 
conductivity prediction, a minimum of 5% reduction is noted for the slab with periodic holes com-
pared to the slab without the holes. This calculation was conducted for room temperature and only 
considered Umklapp scattering. We have neglected boundary scattering which is a conservative ap-
proximation because our interest is thermal conductivity reduction. Upon further refinement of our 
modeling parameters a higher reduction in thermal conductivity is expected as reported in Refs. 6,7. 
In future studies, we will consider nanostructuring the configuration of the supercell (see Ref. 4 for 
one-dimensional nanoscale phononic crystals) in order to obtain more profound changes to the band 
structure and consequently stronger reductions in the thermal conductivity.    

 

 
References 
1 A. A. Balandin, J. Nanosci. Nanotechnol. 5, 1015 (2005). 
2 T. Gorishnyy, C. K. Ullal, M. Maldovan, G. Fytas, E. L. Thomas, Physical Review Letters, 94, 115501 (2005). 
3 A. J. H. McGaughey, M. I. Hussein, E. S. Landry, M. Kaviany and G. M. Hulbert, Physical Review B, 74, 104304 (2006). 
4 E. S. Landry, M. I. Hussein and A. J. H. McGaughey, Physical Review B, 77, 184302 (2008). 
5 J.-N. Gillet, Y. Chalopin, and S. Volz, Journal of Heat Transfer, 131, 043206 (2009). 
6 J. K. Yu, S. Mitrovic, D. Tham, J. Varghese and J. R. Heath, Nature Nanotechnology, 5, pp. 718-721 (2010) 
7 P. E. Hopkins, C. M. Reinke, F. S. Mehmet, R. H. Olsson, E. A. Shaner, Z. C. Leseman, J. R. Serrano, L. M. Phinney, I. El-
Kady, Nano Letters  11,  pp. 107–112 (2011). 
8 J. F. Robillard, K. Muralidharan, J. Bucay, P. A. Deymier, W. Beck and D. Barker, Chinese Journal of Physics, 49, pp. 
448-461 (2011). 
9 J. Callaway, Physical Review, 113,1046-1051 (1959). 
 
 
 
 
 

Figure 2: Silicon slab based on a 5x5x5 supercell (1000 atoms) with surface relaxation (green) compared 
with 5x5x5 bulk silicon (red) and a 5x5x5 slab with periodic holes (blue). 
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Convergence of the Reduced Bloch Mode Expansion Me-
thod for Electronic Band Structure Calculations  

Qiong. Guo, Osama. R. Bilal, Mahmoud. I. Hussein 
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Abstract: Reduced Bloch mode expansion is a Bloch modal analysis method that enables ex-
ceptionally fast, yet accurate, periodic media band structure calculations. In this paper, the me-
thod is tested on electronic band structure calculations for a high-symmetry cubic model and a low-
symmetry triclinic model, both based on the Kronig-Penney fixed potential. For both cases, the energy 
(eigenvalues) and wave functions (eigenvectors) demonstrate very good convergence performance.  

Band structure calculations provide a basis for the study of thermal, optical and magnetic properties of 
crystals. Numerous techniques are available for band structure calculations. All techniques however 
suffer from the common problem that the computational load for solving the underlying complex ei-
genvalue problem over many k-points in the Brillouin zone is prohibitive. To expedite this process, 
there are several methods that aim to approximate the band structure between k-points1. We recently 
proposed a new method that enables such an approximation at an extremely low cost with negligible 
loss in accuracy. This method is referred to as the Reduced Bloch Mode Expansion (RBME) method2; 
it applies to both classical and ab initio band structure calculations of periodic media. Furthermore, 
the method is applicable to any type of wave propagation problem: phononic, photonic, electronic etc.  

The RBME employs a natural basis composed of a selected reduced set of Bloch eigenfunctions. The 
displacement Bloch function u  is expressed as a superposition of an extremely small truncated set of 
m Bloch mode eigenfunctions v , thus enabling a linear transformation from the full-size problem to a 
set of reduced modal coordinates, 

1
( ) ( )

m

j j
j

u x v x


 ,     minteger.                                            (1) 

As RBME is practically a secondary expansion, we can use any of the common expansion methods to 
undergo a primary expansion of the periodic unit cell and solution field. In our work we use the finite 
element (FE) method. After discretization and application of Bloch theory to the governing equation 
of motion for the wave propagation problem we are considering, an eigenvalue problem emerges:  

( ( ) ) 0A k I U  .                                                             (2) 
Solution of Eq. (2) at selected k-points provides the eigenvectors from which a reduced Bloch modal 
matrix, , is formed. This matrix is then used to linearly transform the problem: 

( 1) ( ) ( 1)n n m mU V    ,  nm                                                      (3) 
Substituting Eq. (3) into Eq. (2), and pre-multiplying by the complex conjugate of   yields a 
reduced eigenvalue problem of size m × m: 

  0~))((  VIA k ,   )()( * kk AA .                                           (4) 
Only if the reduced basis is suitably chosen can the proposed RBME approach produce accurate re-
sults. First, an appropriate choice of eigenfunctions in certain reference points in the k-space needs to 
be made. A “2-point expansion scheme” involves choosing eigenfunctions corresponding to the high 
symmetry points determined by the medium’s crystal structure and group theory along the border of 
the IBZ. By augmenting with additional intermediate k-points centerally intersecting the straight lines 
joining the points chosen in the 2-point expansion scheme, a higher order expansion scheme is rea-
lized (Figure 1). Second, in order for the band structure calculations to be accurate up to the frequency 
(energy) range of interest, the number of eigenfunctions retained at each of the k-points selected 
should be slightly higher than the number of dispersion branches that are to be computed. Further re-
sourceful utilization of the Bloch eigenfunctions is made by only using those eigenfunctions that cor-
respond to a selection of k-points belonging to the current IBZ circuit line that is being evaluated; in 
this case the line is divided into “windows” for which only two sets of eigenfunctions are employed.  
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In this work we apply the RBME method to elec-
tronic band structure calculations for both cubic 
and triclinic lattices. Starting from the time-
independent single electron Schrödinger equation, 
the three-dimensional generalized Kronig-Penney 
model is chosen for the electronic potential3

. 
3

1
( ) ( )i
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V x V x
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                           (5) 

The unit cell is discretized into 9×9×9 uniformly sized 8-node trilinear hexahedral finite elements, i.e. 
nel =729. The k-space is discretized such that a total of 65 k-points are evaluated to generate the band 
structure. Figure 2 shows the electronic band structure containing the first 8 branches following the k-
space paths Γ→X→M→R→Γ for the cubic case (Figure 2.1), and B→Γ→F→Γ→G for the tric-
linic case4 (Figure 2.4). The RBME results (based here on a 3-point expansion and use of eight Bloch 
modes for every selected k-point) provide an excellent approximation to the results of the full model, 
noting the reduction in the size of the matrix problem is from 729×729 to 24×24. The absolute error of 
eigenvalues eval Full RBMEe E E   for the cubic and triclinic cases (Figure 2.2 and 2.5) for the first 
three branches converges rapidly with the number of expansion points nexp. The rapid convergence of 
the maximum L2 norm of the absolute error of eigenvectors for first 10 branches 
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   has also been computed (Figures 2.3 and 2.6); the order of maxi-

mum error is 1x10-3. 
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Figure 1 Illustration of four k-point selection schemes. 
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Figure 2 Performance of the RBME method in electronic band structure calculations. Band structure for the cubic (1) 
and triclinic (4) cases. Error of eigenvalues and eigenvectors for the cubic (2,3) and triclinic (5,6) cases. 

Phononics 2011: First International Conference on Phononic Crystals, Metamaterials and Optomechanics
Santa Fe, New Mexico, USA, May 29-June 2, 2011

PHONONICS-2011-0176

2



240

Track 4: Phonon Transport Phononics 2011
 

Phononics 2011: First International Conference on Phononic Crystals, Metamaterials and Optomechanics 

Santa Fe, New Mexico, USA, May 29-June 2, 2010 

PHONONICS-2011-XXXXX 
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Thomas E. Beechem1, Patrick E. Hopkins1, Charles M. Reinke1, Mehmet F. Su2, Bongsang 
Kim1, Charles. T. Harris1, Drew Goettler2, Maryam Ziaei-Moayyed1, Eric A. Shaner1, Zayd C. 

Leseman2, R. H. Olsson III1, Alan McGaughey3,  I. El-Kady1,2 
1Sandia National Laboratories, Albuquerque, NM, USA,  

tebeech@sandia.gov, pehopki@sandia.gov, cmreink@sandia.gov, bonkim@sandia.gov, ctharri@sandia.gov, 
mziaeim@sandia.gov, eashane@sandia.gov, rholsso@sandia.gov, ielkady@sandia.gov 

2University of New Mexico, Albuquerque, NM, USA 
 mfatihsu@.unm.edu, goettled@unm.edu, zleseman@unm.edu 

3Carnegie Mellon University, Pittsburgh, PA, USA 
 mcgaughey@cmu.edu 

 
 

Abstract: In this talk we pose the question: Can the coherent scattering events brought by the 
periodicity of the Phononic Crystal (PnC) lattice affect the high frequency THz phonons that 
dominate heat transfer process? In other words, can PnC patterning be used to manipulate the 
thermal conductivity of a material? We report both theoretically and experimentally on the 
role of coherent versus incoherent scattering of phonons by a 2D PnC structure and the effica-
cy of each process in both the cross-plane and in-plane directions of the PnC lattice. 

Phonons propagating in a Phononic Crystal (PnC) lattice undergo two distinct types of scattering 
mechanisms: Coherent and incoherent scattering. Coherent scattering is brought about by Bragg scat-
tering events which result primarily in the creation of phononic gaps where the propagation of pho-
nons are prohibited, anomalous and flat, dispersionless bands, and negative phonon group velocities. 
The combination of these phenomena results in a rich complicated band structure (dispersion) com-
pared to that of the bulk solid in absence of PnC structuring, accompanied by a redistribution of the 
phononic density of states (DOS). Incoherent boundary scattering, on the other hand, arises as a con-
sequence of scattering due to the mechanical impedance mismatch between the host background ma-
trix and the scattering centers, though the interference is not coherent.  While coherent scattering phe-
nomena have been readily validated to affect the low frequency (RF) phonons, in this communication 
we question the possibility of extending these effects to the high frequency THz phonons that domi-
nate heat transfer process.  

To answer this question we start by calculating the dispersion of a square PnC lattice of air holes in a 
Si matrix using the plane wave expansion technique. Here we draw on the fact that the longitudinal 
acoustic mode in silicon is linear up to ~10THz, while the transverse modes are linear up to ~3THz, 
thus allowing us to assume a homogenous “Ether” of Si where the average elastic properties are as-
sumed up to 3THz.  To predict the amount of thermal conductivity we expect resulting from phonon 
scattering by the Si/Air-PnC, we take a Callaway-Holland-type model1: 

  
 

 
   































j

q jj

B

j

B

j

B

j dqqqqv

Tk
q

Tk
q

Tk
q 22

22

22

2

1exp

exp

6
1 













    (1) 

where   is Planck’s constant,  q  is the phonon dispersion, Bk  is the Boltzmann constant, T  is the 
phonon temperature,     qqqv    is the phonon group velocity,  q  is the scattering time of the 
phonons, q  is the wavevector, and the thermal conductivity,   is summed over all modes.   

On the other hand, to investigate the effect of pure incoherent scattering by the PnC pores, lattice dy-
namics based calculations were performed using the Stillinger-Weber (SW) interatomic potential. 
Here our approach consists of combining bulk phonon properties with a boundary scattering model to 
predict the thermal conductivity of a nanostructure. Harmonic and anharmonic lattice dynamics calcu-
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Figure 1.The measured thermal conductivity of Si structures at room 
temperature as a function of the minimum feature size L for the PnCs 
(unfilled squares)1, microporous solids (filled pentagons),2 nanomesh 
(filled diamond),3 and a suspended 500 nm thick Si film – that is, an 
unpatterned Si slab (unfilled circle).  The dashed line is the predictions 
of Eq. (1) using the PnC dispersion while the solid line corresponds to 
the predictions of Eq. (2) assuming only incoherent scattering.  

lations were performed to obtain the 
group velocity vectors (vg), and mean 
free paths (Λbulk) for 27,786 phonon 
modes (denoted by subscript i) uni-
formly distributed through the first 
Brillouin zone of bulk SW silicon. A 
geometric model of the PnC unit cell 
was created and a random point (de-
noted by subscript j) was randomly 
chosen within it. From this point, a 
line in the direction of the group ve-
locity vector (the direction of energy 
transport) for each phonon mode is 
extended. The distance, dij, to the first 
intersection with a solid surface (the 
top or bottom of the film or the side 
of a hole) is calculated based purely 
on the geometry. This distance is 
combined with the bulk mean free 
path of that mode using the Matthies-
sen rule to obtain an effective mean 
free path for each mode from that 
starting point: 

ijbulkiij d
111

,







 The 

values of Λij for each phonon mode are then averaged over 10,000 random points in the unit cell to 
give the effective mean free path of each phonon mode, Λi. Using the effecting mean free paths, the 
cross-plane thermal conductivities of the solid material in the PnC are calculated from a summation 
over all phonon modes as  

ig
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      (2) 

where cv,i is the volumetric specific heat and vg,i, is the component of the group velocity vector in the 
cross-plane direction. To convert these solid thermal conductivities to values that can be compared to 
the experimental measurements, the porosity of the PnC is then factored in by multiplying with the 
factor       1321 , where  is the porosity of the lattice. 

The results of Eq. 1 and 2 are shown in Figure 1 as a function of the minimum feature size and is 
compared to measured the thermal conductivity of Si PnC plates using the time-domain thermoreflec-
tance technique (TDTR)1.  The results show a massive thermal conductivity reduction from 148W/mK 
for bulk silicon to 6.1W/mK for the Si-PnC; approximately 96% reduction. They further show that 
incoherent scattering over predicts the thermal conductivity of the PnC-lattice by more than a factor of 
2, leading us to suspect that coherent scattering brought through by the  PnC dispersion may be play-
ing a significant role in this reduction. Similar calculations and measurements were also carried out in 
the in-plane direction and a discrepancy between the thermal conductivity reduction purely based on 
incoherent scattering effects, while not as pronounced, was also seen to be evident. In this talk we 
present a possible explanation for the difference between the in-plane and cross-plane results, as well 
as a possible theorization of the role of optical phonons in this process. 
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Abstract: A new class of phononic metamaterials based on isotopically enriched semiconduc-
tor superlattices is presented, which allows tailoring of phononic properties while leaving the 
electronic properties unaltered. We discuss possible fields of application in thermoelectrics, 
based on different complementary experimental and theoretical results. 

During the last years different techniques have been established to create materials with novel pho-
nonic properties. Patterning a material in the nanoscale in one or more dimensions by growth of su-
perlattices or etching techniques are the most common approaches. These structures enable a manipu-
lation of phononic states and a reduced thermal conductivity. However, electronic and photonic trans-
port properties are also negatively affected with this approach. Thermoelectric materials are good ex-
amples in which the thermal (phononic) conductivity  has to be minimized along with a maximized 
electronic conductivity . The figure of merit Z in thermoelectric materials is given by ratio of the 
conductivities and the Seebeck-coefficient S:  

Z=S²/ (1) 

Superlattice structures can exhibit an increased ratio although both conductivities are lower than the 
bulk values1. To circumvent this constraint we have investigated isotopically enriched semiconductor 
superlattices. A single layer consisting of silicon-28 isotope offers an increased phononic mean free 
path2. The slope of the acoustic phonon dispersion relation, i.e. the sound velocity, scales with the 
square-root of the atom’s mass. At an interface between two layers of different isotopes a mismatch of 
the sound velocities occurs resulting in a small probability of back-reflection, as shown in fig. 1. Mul-
tiple interfaces of a superlattice therefore work like a Bragg-grating with an accumulated strong back-
reflection, i.e. phononic bandgap. 

In order to verify the concept, different sets of isotopic superlattices made of silicon-28 and silicon-29 
have been fabricated. Detailed information of the composition of each layer was gained by depth pro-
filing, as shown in fig. 2. Various methods were applied to determine the thermal conductivity of the 
multilayer structures. This includes time-domain thermoreflectance, time-resolved X-ray scattering, 
laser-flash-method, comparative thermal conductivity measurements, and the 3method. Limitations 
of the classical measurement techniques for thin-film anisotropic materials are discussed. The mea-

Figure 1 Alternating layers of isotopically 
enriched semiconductors (Si-28 and Si-29) 
form a heterostructure for the phonons and a 
homostructure for the electrons. 
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surements are compared with results from simulation, including a macroscopic FDTD approach, mul-
tiple-interface scattering approximation, and extensive molecular dynamics calculations.  

Within the uncertainties of the simulations and the uncertainties of the measurements the concept of 
isotopically enriched superlattices has been demonstrated: A reduction of the thermal conductivity of 
about 20% for 20 periods of superlattices has been shown. However, there is a limited knowledge 
about phononic states, anisotropy, coherence lengths, phonon-phonon-scattering and the impact of 
interface roughness. Therefore, further investigations are required to determine the whole potential of 
the concept. 
 

 

 

 
References 
1 J. O. Sofo, and G. D. Mahan, Appl. Phys. Lett. 65, 2690 (1994). 
2 T. Ruf, R.W. Henn, M. Asen-Palmer, E. Gmelin, M. Cardona, H.-J. Pohl, G.G. Devyatych, and P.G. Sennikov, Sol. Stat. 
Comm. 129, 257 (2003) 
3 A. Plech, V. Kotaidis, S. Grésillon, C. Dahmen and G. von Plessen, Phys. Rev. B 70, 195423 (2004) 
 

Figure 2 SIMS profil-
ing with a high spatial 
resolution proves the 
isotopic composition 
of the structure: 20 
bilayers with a total 
thickness of 380nm. 
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